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Resonant	  ParBcle	  InteracBon	  Extremely	  
InteresBng	  in	  Plasma	  Physics	  

1.  KineBc	  theory	  cannot	  be	  reduced	  to	  fluid	  moment	  equaBons.	  
2.  In	  a	  system	  without	  collisions	  (described	  by	  Vlasov	  equaBon),	  

damping	  of	  waves	  arise,	  the	  well	  known	  Landau	  damping.	  
3.  The	  informaBon	  in	  the	  wave	  that	  is	  damped	  does	  not	  have	  to	  

be	  lost	  but	  it	  can	  be	  reconsBtuted	  [e.g.	  plasma	  echoes,	  O’Neil,	  
Malmberg,	  Gould	  (1966)]	  

4.  Wave-‐parBcle	  plasma	  interacBon	  leads	  to	  wave	  trapping	  which	  
saturates	  a	  destabilizing	  drive	  when	  frequency	  is	  constant.	  
SaturaBon	  level	  is	  given	  by:	  	  	  	  	  	  	  	  	  	  	  	  	  

	  	  	  	  	  	  	  	  ωb=√(ekE/m)≅3.2ϒL	  	  	  	  	  	  (Fried,	  Liu	  &	  Sagdeev,	  ~1970)	  	  	  
5.  For	  discrete	  non-‐overlapping	  resonances	  there	  are	  condiBons	  

	  	  when	  the	  saturaBng	  wave	  can	  extract	  energy	  from	   	  	   	  	  
	  	  	  	  	  	  	  	   	  	  neighboring	  phase	  space	  region	  by	  frequency	  

chirping	  with	  a	   	  	  saturaBon	  level,	  ωb	  ≅	 0.5ϒL	  	  	  	  	  	  
6.  	  Chirping	  of	  waves	  is	  the	  topic	  of	  this	  talk	  



Vlasov	  EquaBon	  plus	  some	  salt	  and	  pepper	  
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1.	  Solve	  this	  equaBon	  together	  with	  field	  equaBon	  (e.g.	  
Poisson	  Eq.)	  with	  addiBonal	  term	  	  to	  produce	  extrinsic	  
damping,	  that	  may	  determine	  near	  threshold	  level	  for	  
linear	  instability	  arising.	  
2. growth rate given by:    γ = γ L −γ d << γ L

3. γ γ L <<1,  parameter of expansion if ωb
2 γ L

2 <<1

Berk	  and	  Breizman	  1996,:	  Lilly,	  Breizman,	  Sharapov,	  (2009)	  
	  



Integral	  EquaBon	  for	  Wave	  EvoluBon	  
expansion	  in	  	  
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Temporally	  nonlocal	  cubic	  nonlinearity	  equaBon,	  
dependent	  on	  past	  history	  
What	  does	  this	  equaBon	  reveal?	  
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ωb
γ L

<<1

νdf	  	  -‐	  iniBal	  treatment	  
	  νd	  	  -‐	  later	  treatment	  (Lilley,	  Breizman,	  Sharapov	  (2009)	  	  	  



SoluBons	  to	  cubic	  non-‐linear	  equaBon	  
νdg = 0,   ν ≡νdf γ ,   A = ωb

2

γ 2

If ν > 2.05, stationary solution is stable.     
For 1.25 < ν < 2, non-stationary solutions 
arise with more complicated behavior as ν 
decreases.    

What is happening to the solution  
when the cubic order expansion 
is no long valid? 

For ν< 1.25, solutions increase without  
bound in a finite time (explosive solution) 



Petviashavili’s Simulation of Chirping (1996)  
q 	  SimulaBon	  of	  near-‐threshold	  bump-‐on-‐tail	  instability	  	  
q  (N. Petviashvili et. al.)	  reveals	  spontaneous	  formaBon	  of	  	  
phase	  space	  structures	  locked	  to	  the	  chirping	  frequency	  

q 	  Chirp	  extends	  the	  mode	  lifeBme	  as	  phase	  space	  	  
structures	  seek	  lower	  energy	  states	  to	  compensate	  
	  wave	  energy	  losses	  due	  to	  background	  dissipaBon	  

	  Clumps	  move	  to	  lower	  energy	  regions;	  
	  holes	  move	  to	  higher	  energy	  regions	  
	  



Interchange	  of	  phase	  space	  structures	  	  
releases	  energy	  to	  sustain	  chirping	  mode	


ambient phase space	


ambient phase space	
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Chirp	  of	  Alfven	  Doppler	  	  
shiked	  cyclotron	  	  resonance	  	  
(NSTX-‐Fredrickson)	  
	  

mechanism	  for	  chirping	   experimental	  realizaBon	  



Phases	  of	  Chirping	  	  
Phase 1. Initiation 

	  Phases	  2	  and	  3:	  formaBon	  &	  chirp	  of	  phase	  space	  structures	  	  



Competition between drag and diffusion 
Lilley,	  Breizman	  &	  Sharapov	  invesBgated	  the	  compeBBon	  between	  drag	  and	  diffusion.	  
They	  observe	  that	  the	  structure	  in	  the	  ‘Kernal’	  for	  the	  two	  effects	  are	  quite	  different.	  	  
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With	  diffusion	  alone	  there	  is	  always	  a	  steady	  state	  soluBon,	  though	  if	  	  	  	  	  	  	  
	  is	  too	  small,	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  steady	  soluBon	  can	  be	  unstable. In contrast	  if	  	  
no	  steady	  soluBon	  found,	  and	  simulaBon	  invariably	  produce	  chirping	  	  	  

 vdf

 vdrg > vdf

This	  curve	  is	  independent	  of	  	  
closeness	  to	  marginal	  stability,	  
CharacterisBc	  ITER	  parameters	  are	  	  
roughly	  in	  the	  midst	  of	  the	  transiBon	  
region,	  based	  on	  classical	  processes.	  

 vdf ≤ γ



Observa(on	  of	  frequency	  chirping 

TAE downward chirping observed in MAST 

TAE avalanche and energetic 
particle loss observed in NSTX 

Band spectrum structure and rising tone 
chorus observed in the magnetosphere O. Santolı́k: Whistler-mode chorus emissions 623

The results of Cornilleau-Wehrlin et al. (1976) indicated that
saturation amplitudes of chorus wave packets can reach this
limit. Further systematic observations confirmed that in most
cases the amplitudes of chorus emissions are indeed suffi-
ciently high to be governed by nonlinear effects.
Meredith et al. (2001) analyzed electric field measure-

ments of the CRRES spacecraft and observed equatorial cho-
rus with average amplitudes Ew of the order of 1mV/m
during geomagnetic substorms. The plasma frequency fp

has been estimated for these conditions from wave measure-
ments, yielding the ratio to the electron cyclotron frequency
fp/fc between 1 and 5 (Meredith et al., 2002). This, using
the cold plasma theory in the frequency range of lower-band
chorus (f =0.1–0.5 fc), gives the refractive index of parallel
propagating whistler-mode waves,

N =
vuut1+ (fp/fc)2

f
fc

(1� f
fc

)
, (1)

yielding N between 2 and 16. The magnetic-field ampli-
tudes of chorus can be then estimated from the Faraday’s
law, Bw=EwN/c, supposing again propagation parallel to
the magnetic field lines (c is the light speed). We thus obtain
average Bw of the order of 10–100 pT, corresponding also to
results of Meredith et al. (2003b) where similar analysis of
averaged amplitudes of whistler-mode waves is done for dif-
ferent levels of geomagnetic activity. However, the time res-
olution of these measurements is insufficient to resolve the
separate wave packets of chorus and average amplitudes are
calculated over time intervals corresponding to many char-
acteristic durations of chorus wave packets, assuming their
presence.
Investigation of the amplitudes of separate wave packets of

chorus requires high-resolution measurements of wave elec-
tric or magnetic fields, such as those recorded by the Wide-
band data (WBD) instrument (Gurnett et al., 1997, 2001) on-
board the CLUSTER spacecraft (Escoubet et al., 1997). Fine
structure of chorus waveforms has been investigated using
measurements obtained during geomagnetic storms (Santolı́k
et al., 2003, 2004b). Analyzed wave packets appeared as
rising discrete elements of lower-band chorus with the fre-
quency drift of 10–20 kHz/s. The waveform of the mea-
sured electric field has shown an internal fine structure of
each wave packet consisting of a sequence of separate sub-
packets. This effect could be explained by generation of
frequency sidebands during the evolution of a chorus wave
packet and by the beating effect of simultaneously present
signals at closely separated frequencies (Nunn et al., 2005).
Initial analysis of this fine structure has been done using a

sine-wave parametric model with a variable amplitude (San-
tolı́k et al., 2003). Some subpackets start with an exponen-
tial growth phase, and after reaching the saturation amplitude
they can also sometimes show an exponential decay phase.
The duration of subpackets is variable from a few millisec-
onds to a few tens of milliseconds (see Fig. 1). The growth
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Fig. 1. Waveforms and model parameters in an 85-ms time interval
covering a chorus element recorded by the WBD instrument on-
board CLUSTER during geomagnetically disturbed conditions on
18 April 2002. (a–c) Broadband electric field waveform for CLUS-
TER 2–4, respectively; (d) Amplitude; (e) Frequency. The results
from the three spacecraft are color-coded. In order to demonstrate
the fine structure, minima of amplitude are connected with the cor-
responding frequency estimates by vertical dotted lines (from San-
tolı́k et al., 2003).

rate of the initial linear phase can be highly variable from
case to case. Typical values of imaginary part of the wave fre-
quency thus vary between a few tens and a few hundreds of
s�1. The detected amplitudes of the subpackets reached more
than 30mV/m. Using a preliminary estimate of fp/fc⇡1.5
from the local plasma density measurements by the WHIS-
PER instrument (Décréau et al., 2001), these amplitudes ap-
proximately correspond to 300 pT (⇡10�3B0) for the mag-
netic component of chorus. Improved analysis (P. Décréau,
private communication, 2007) gives fp/fc⇡2.4 and a some-
what higher estimate for magnetic amplitudes of ⇡500 pT.
Note, however, that the instrumental upper limit for ampli-
tudes in that study was ⇡39mV/m and that many observed
waveforms had peaks above that limit and could not be used
in the analysis. Analysis of a large number of chorus wave
packets (Santolı́k et al., 2004b) showed that the typical delay
between the two neighboring maxima of the wave amplitude
is a few milliseconds with a decreasing probability density
toward longer delays. The subpackets with largest ampli-
tudes were found embedded in the interior of the separate

www.nonlin-processes-geophys.net/15/621/2008/ Nonlin. Processes Geophys., 15, 621–630, 2008



Whistler	  chorus	  observed	  in	  the	  magnetosphere	  

•  Chorus waves are discrete VLF waves that propagate in the Earth’s magnetosphere. Usually excited during 
magnetic substorm periods by plasma-sheet electrons injected to the inner magnetosphere (Tsurutani and 
Smith, 1974). 

•  Chorus frequency changes as a rising or falling tone during the injection of the anisotropic plasma sheet 
electrons. In the source region, two frequency bands of chorus are separated by one half of the local 
electron cyclotron frequency, where a frequency gap appears in the spectrum. 

•  Chorus waves are important because of their association with local acceleration of electrons from 10’s kev 
to several Mev. in the Van Allen radiation belts (Meredith et al. JGR, 2003). 

	  Electron	  *me	  scales	  	  
e	  –	  gyro-‐period	  ≈	  10-‐4s	  
whistler	  ≈	  10-‐3	  s	  
choral	  event	  ≈	  1	  s	  
bounce	  Bme	  ≈	  1min	  
equatorial	  transit	  ≈	  hrs	  
acceleraBon	  Bme	  ≈1	  day	  
	  	  
	  	  
	  



CreaBng	  &	  Controlling	  Phase	  Space	  Structures	  
Bertche,	  Fagan,	  Friedland	  (2003)	  

Gould-‐Trivelpiece	  mode	  transported	  to	  the	  deep	  	  
‘Landau	  Damping’	  and	  produces	  cavity	  Q	  ~	  100,000	  
Relevant	  for	  the	  trapping	  and	  deceleraBng	  anB-‐protons	  



Summary	  
1.  Mechanism	  for	  waves	  near	  marginal	  stability	  to	  form	  phase	  space	  

structures	  is	  explained	  
2.  Robustness	  of	  phase	  space	  structure	  generaBon	  far	  from	  marginal	  

stability	  shown	  by	  Lilley	  and	  Nyqvist	  (2014)	  as	  wave	  damp	  they	  then	  
sBmulate	  chirping	  response	  to	  generate	  new	  chirping	  structure	  	  

3.  Robust	  phase	  space	  structures	  (chorus)	  seen	  in	  magnetosphere,	  
accompanied	  with	  kev	  electrons	  energized	  to	  MeV.	  	  

4.  SpeculaBve	  mechanism:	  The	  halo	  of	  disintegraBng	  holes	  form	  robust	  
clumps	  that	  are	  conBnually	  acceleraBng	  due	  to	  the	  emission	  of	  negaBve	  
energy	  waves	  which	  cause	  electrons	  to	  accelerate.	  

5.  Will	  holes	  in	  clumps	  being	  generated	  in	  fusion	  machines	  where	  alpha	  
parBcles	  have	  a	  robust	  drag	  mechanism	  caused	  by	  thermal	  electrons.	  
Rough	  esBmate	  is	  at	  the	  border	  between	  drag	  (chirping)	  and	  diffusive	  
(fixed	  frequency)	  signals.	  

6.  A	  great	  deal	  of	  new	  physics	  has	  to	  be	  clarified	  to	  obtain	  quanBtaBve	  
predicBons.	  

	  	  	  	  	  	  	  	  	  	  



	  FINIS	  



Characteris(cs	  of	  whistler	  chorus 

•  The rising tone is found to be triggered by the mirror force due to the 
inhomogeneous magnetic field. (X.Tao et.al. 2014GRL061493) 

•  The falling tone signal is observed during the large oblique angle, where the 
Landau resonance plays an important role. (A.R.Soto-Chavez et.al. 2014GRL059320) 
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Explosion	  Mechanism	  

~γ

principal	  distorBon	  centered	  about	  resonance	  	  	  
Resonant	  interacBon	  region	  reduced	  
due	  to	  background	  dissipaBon	  	  



Collisional	  RestoraBon	  of	  Chirping	  

Electron	  collisions	  cause	  a	  parBal	  restoraBon	  of	  background	  stabilizing	  	  
DistribuBon	  funcBon,	  allowing	  for	  persistence	  of	  a	  background	  damping,	  	  
allowing	  chirping	  	  to	  be	  maintained	  at	  a	  predictable	  rate.	  
	  



First,	  interpretaBon	  of	  explosion	  	  



Various Evolution Scenarios - 1 
Ion- Acoustic Instability (Destabilizing Electrons-Stabilizing ions) 

IniBally	  up-‐down	  chirping	  	  
with	  δωè√t	  	  
Later	  chirping	  δωèt	  	  	  	  	  	  	  	  	  

	  spaBal	  average	  destabizing	  	  
electron	  distribuBon	  vs.	  Bme	  

spaBal	  average	  stabilizing	  ion	  
δf	  distribuBon	  vs.	  Bme	  	  	  

Berk,	  Breizman	  &	  Candy	  et.	  al.	  1999	  


