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A surprising feature of flow in slowly sheared model foam (bubble raft) is a measured discontinuity
in the rate of strain as a function of position such that part of the system is “flowing” and the rest is
undergoing “elastic” deformations [J. Lauridsen, G. Chanan, and M. Dennin, Phys. Rev. Lett. 93,
018303 (2004)]. Detailed measurements of the distribution of nonlinear bubble rearrangements have
been reported in connection with this discontinuity. In this paper, measurements of the fluctuations
in velocity under the same conditions are reported. The fluctuations are characterized by the second
and third moments of the velocity distribution. A surprising feature is the qualitative behavior of
these moments as a function of position in the system, especially across the discontinuity in rate
of strain. In addition, the measured dependence of the second moment of the velocity fluctuations
on rate of strain is compared with predictions of simulations of the bubble model and reasonable
agreement is found.

I. INTRODUCTION

Bubble rafts (single layers of bubbles floating on a wa-
ter surface) serve as a model two-dimensional foam [1, 2].
When subjected to sufficiently slow rates of strain, a bub-
ble raft exhibits an interesting discontinuity in the rate
of strain (γ̇) as a function of position [3]. Similar discon-
tinuities in γ̇ have been observed for high rates of strain
in a number of other complex fluids [4, 5]. This is in
contrast to cases of flow localization in which the rate
of strain is continuous, as has been observed in gran-
ular systems [6–8] and confined two-dimensional foams
[9]. The discontinuity of strain rate in bubble rafts was
observed for flow between two concentric cylinders (Cou-
ette flow). At a critical radius (rc), the system is divided
into a “flowing” region for r < rc and a region undergoing
“elastic” deformations for r > rc. Because of the concen-
tric cylinder geometry, the immediate question raised by
the measurements in Ref. [3] is the connection between
the discontinuity in γ̇ and the yield stress of the bubble
raft. For both general foams and the bubble raft, the
yield stress is the critical stress below which flow does
not occur and the system acts as an elastic solid [10, 11].
Simple arguments suggest that the existence of coexis-
tence between flow and elastic behavior is not surprising
under the geometry used in Ref. [3]. However, the same
arguments suggest that the rate of strain should be con-
tinuous across the transition. The arguments depend on
the combination of a yield stress for the fluid and a spa-
tially varying stress field due to the Couette geometry
[12].

In the Couette geometry, the stress decreases as a func-
tion of radial distance away from the inner cylinder [12].
Therefore, for a yield stress fluid sheared in a Couette
geometry, one expects a region of flow close to the inner
cylinder and, if the stress drops below the yield stress,
a critical radius above which the system does not flow.
Even for a yield stress fluid, it is generally expected that
the stress is a continuous function of the rate of strain
(e.g. Bingham plastic or Herschel-Bulkley models of yield
stress fluids [12]). Therefore, one expects the rate of

strain to be continuous across the transition from flow
to no flow. This is what makes the observation of a dis-
continuity in rate of strain as a function of position so
surprising.

The discontinuity in the rate of strain was determined
from measurements of the average velocity of the bubbles
as a function of radial position [3]. It is interesting to ask
how the fluctuations in velocity behave near this discon-
tinuity, and whether or not the radial dependence of the
velocity fluctuations can shed any light on the source of
the discontinuity. The velocity fluctuations are interest-
ing for another reason. In granular systems, one often
defines a “granular temperature” in terms of the root
mean squared value of the velocity. In this context, there
have been a number of studies of the dependence of ve-
locity fluctuations in a variety of granular flows [13–16].
It is interesting to ask if similar ideas carry over to foam,
and such a study has been done using simulations of the
bubble model for foam [17].

The bubble model is a simplified description of foam
that has been successful in capturing a number of ob-
served features in bubble rafts and other foam systems
[18–20]. The bubble model treats foam as a collection
of spherical bubbles. There are only two forces in the
bubble model that act on the bubbles. The distortion
of bubbles upon contact is accounted for by a repulsive
spring force proportional to the degree of overlap. Dis-
sipation within the foam is accounted for by including a
viscous force proportional to the velocity difference be-
tween two bubbles. These two forces are balanced to
determine the dynamics of the individual bubbles. Using
the bubble model, a detailed study of velocity fluctua-
tions as a function of packing fraction and applied rate
of strain was reported on in Ref. [17]. One main result
is the dependence of the second moment of velocity fluc-
tuations on rate of strain. It was found that the second
moment followed a power law as a function of rate of
strain for all values of rate of strain studied. This con-
trasted with a range of alternate definitions of effective
temperature, for which a constant value of effective tem-
perature was reached for sufficiently low rate of strain
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[17, 21]. Also of interest to the work presented here is
the fact that non-Gaussian tails in the velocity distribu-
tion were measured for sufficiently slow rates of strain.

In this paper, the velocity fluctuations for a bubble
raft under conditions of constant rate of strain in a Cou-
ette geometry are reported. As discussed, under these
conditions, there are two regimes. Initially, the system
acts as an elastic material. Above a critical strain value,
plastic flow occurs. The plastic flow is characterized by
irregular periods of stress increase and decrease, with a
constant average value of the stress [10, 11, 22]. It is
during plastic flow that a discontinuity in rate of strain
as a function of radial position in the system was ob-
served [3]. In this paper, the second and third moments
of the velocity distributions are considered. A number
of results are discussed. First, for low rates of strain,
the second moment of the velocity distribution monoton-
ically decreases with decreasing rate of strain. Second,
during flow, there is a clear asymmetry in the velocity dis-
tribution that is apparent in measurements of the third
moment. Finally, comparison is made between the veloc-
ity fluctuations during the initial elastic deformation and
in the zero rate of strain region during flow.

II. EXPERIMENTAL METHODS

The experimental system has been previously de-
scribed in some detail [23]. It consisted of a standard
bubble raft [1, 2] in a Couette geometry (two concentric
cylinders with a fluid confined in the region between the
cylinders). For the experiments discussed here, the outer
radius was fixed at ro = 7.43 cm. The inner barrier, or
rotor, is a Teflon disk with a radius ri = 3.84 cm. The
outer edge of the disk is a knife edge that is just in contact
with the water surface. It was suspended by a wire to
form a torsion pendulum. The bubble raft was produced
by flowing regulated nitrogen gas through a hypodermic
needle into a homogeneous solution of of 80% by volume
deionized water, 15% by volume glycerine, and 5.0% by
volume Miracle Bubbles (Imperial Toy Corp.). The bub-
ble size was dependent on the nitrogen flow rate, which
was varied using a needle valve. A random distribution of
bubble sizes was used, with an average radius of 1 mm.
The resulting bubbles were spooned into a cylindrical
Couette viscometer. This produced a two-dimensional
model of a wet foam on a homogeneous liquid substrate.

An important feature of the bubble raft is the gas area
fraction. To achieve a desired gas area fraction, the bub-
ble raft was constructed by placing the approximate num-
ber of desired bubbles in the trough with the outer bar-
rier set to a large radius. It is important to note that the
bubbles exhibited a strong attraction to each other. The
outer barrier was compressed until the desired radius was
reached. The gas area fraction was determined by thresh-
olding images of the bubbles and counting the area inside
of the bubbles. Because of the three-dimensional nature
of the bubbles, this represents an operational definition

of gas-area fraction based on the details of the image
analysis. However, it is also consistent with an estimate
of the gas area fraction based on the area of trough and
expected distribution of bubble sizes. For all of the data
reported here, the gas area fraction was approximately
0.95.

Flow is generated in the bubble raft by rotating the
outer Teflon barrier at a constant angular velocity. Re-
sults for two angular velocities are reported: Ω = 8 ×
10−4 rad/s and Ω = 5 × 10−3 rad/s. The first layer of
bubbles at either boundary did not slip relative to the
boundary. Due to the finite size of the bubbles, this re-
sults in an effective inner radius of r = 4.4 cm. Due to
the cylindrical geometry, the rate of strain is not uniform
across the system and is given by γ̇ = r d

dr
v(r)

r . Here v(r)
is the azimuthal velocity of the bubbles. This allows for
studies of the velocity fluctuations over a wide range of
rates of strain, even though only two different rotation
rates were used.

The details of the velocity measurements are given
in Ref [3]. Video images of roughly one third of the
trough were recorded and individual bubbles motions
were tracked. The system is divided into equally spaced
radially bins. Two different types of radial bins are used.
First, to compute the rate of strain, bins of equal radial
spacing are used. Second, to compute properties as a
function of the rate of strain, bins of equal strain rate
are used. Within each bin, the bubble tracks are used
to compute the average velocity, second moment of the
velocity distribution < (v− v̄)2 >, and the third moment
of the velocity distribution < (v − v̄)3 > for the bin of
interest. In these expressions, the braces refer to an av-
erage over all bubbles, and v̄ is the mean velocity for the
bin of interest. For purposes of comparing with simula-
tions, the variance (δv =

√
< (v − v̄)2 >) is considered,

as well.
Before presenting the new results on the fluctuations,

it is useful to repeat what is already known from Ref. [3].
First, for Ω = 8×10−4 rad/s, the critical radius at which
the rate of strain discontinuity occurs is rc = 6.7 cm. For
Ω = 5 × 10−3 rad/s, rc = 6.3 cm. For this paper, the
region r < rc will be referred to as the flowing region, and
the region with r > rc will be referred to as the elastic
deformation region. This is distinct from the difference
between the initial elastic response and the steady-state
flow, which refer to distinct time periods under steady
strain. The rates of strains used in this paper are taken
from the same fits reported in Ref. [3]. The velocity data
is fit in the region where flow occurs, assuming a power
law dependence of the velocity. This fit is then used to
determine the rate of strain by analytically taking the
derivative.

III. EXPERIMENTAL RESULTS

Figure 1 shows the results for δv =
√

< (v − v̄)2 > as a
function of shear rate. Both data from Ω = 8×10−4 rad/s
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and Ω = 5 × 10−3 rad/s are shown. As a guide to the
eye, the solid line represents the curve δv = 0.059x0.55.
A number of features of the behavior of δv are worth
noting.

First, the general trend for low rates of strain is consis-
tent with the simulations of the bubble model [17]. Even
the exponent for the power law behavior is in reasonable
agreement. Assuming δv ∝ xn, the experimental data is
consistent with n = 0.55 ± 0.05. The simulations give
n = 0.6. The surprising feature is the decrease in δv for
rates of strain above approximately 0.02 s−1. This is a
feature that is not reported in regard to the simulations.
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FIG. 1: A log-log plot of the variance (δv =
√

< (v − v̄)2 >)
as a function of rate of strain. The squares are data taken
from the flowing regime, and the open circle is data taken
from the initial elastic regime. The solid line is the curve
δv = 0.59x0.55. At a rate of strain of 0.02 s−1, there is a
maximum in the variance. For higher rates of strain, the
variance decreases.

Figures 2 and 3 illustrate the general behavior of the
second and third moment of the system as a function
of radial position for the two rotation rates studied:
Ω = 5×10−3 rad/s and Ω = 8×10−4 rad/s, respectively.
For comparison, the data for the initial elastic deforma-
tion is included in each plot. This data sets a baseline
expectation for the measurements of fluctuations. The
main source of fluctuations during the flow is expected
to be nonlinear, neighbor switching events known as T1
events. These are rearrangements of bubbles in which
bubbles exchange neighbors. During the initial elastic
flow, there are no observed T1 events [24]. However,
because of the method used to measure stress, there is
motion of the inner barrier. This results in a small, non-
zero rate of strain near the inner boundary during the
initial elastic flow [24]. Various factors besides the T1
events contribute to velocity fluctuations during this pe-
riod, such as effects due to the finite size of the bubbles
and experimental noise. For comparison to the fluctua-
tions during flow, the open circle in Fig. 1 is the value
for δv during this initial elastic period.

A number of features of the fluctuations are evident
from the plots in Figs. 2 and 3. First, recalling that γ̇
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FIG. 2: A plot of the second moment (< (v − v̄)2 >) of the
velocity distribution versus radial position in the system (left
hand axis), and a plot of third moment (< (v − v̄)3 >) of
the velocity distribution versus radial position in the system
(right hand axis). All of the data is for Ω = 5 × 10−3 rad/s.
The open squares (second moment) and down triangles (third
moment) are during flow, and the solid squares (second mo-
ment) and open circles (third moment) are during the initial
elastic deformation. The vertical line indicates the radial po-
sition of the rate of strain discontinuity.

decreases as the radius increases for Couette flow, the γ̇
dependence of the second moment is apparent in Figs. 2
and 3. Second, there is no obvious discontinuity in the
second moment at rc. For Ω = 5 × 10−3 rad/s, even in
the elastic deformation region, the second moment dur-
ing flow is always significantly larger than the second mo-
ment during the initial elastic response. Finally, there is
a dramatic increase in the third moment in the flowing
region. This indicates the development of an asymmetry
in the velocity distribution.

The development of an asymmetry in the velocity dis-
tribution is illustrated in Fig. 4. Here the velocity distri-
bution is plotted for two different radial positions with
Ω = 8× 10−4 rad/s. The solid bars are for r = 4.52 cm,
and the open bars are for r = 6.98 cm. In fact, one can
see both the shift in average velocity and change in the
second moment, as well as the development of an asym-
metric distribution, for increasing γ̇ (decreasing r).

Another feature of the distribution that is worth men-
tioning is the observation of non-Gaussian tails. This is
illustrated in Fig. 5. Here a typical probability distri-
bution for the difference in azimuthal velocity from the
mean is plotted. The case shown here is for a rate of
strain of 1.1 × 10−3 s−1. For comparison with Ref. [17],
the data is normalized by the variance, δv, so the prob-
ability distribution for ∆v = (v − v̄)/δv is considered.
Also for comparison, a Gaussian distribution is included
in the plot. The use of a semi-log scale highlights the
non-Gaussian tails of the distribution.
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FIG. 3: A plot of the second moment (< (v − v̄)2 >) of the
velocity distribution versus radial position in the system (left
hand axis), and a plot of third moment (< (v − v̄)3 >) of
the velocity distribution versus radial position in the system
(right hand axis). All of the data is for Ω = 8 × 10−4 rad/s.
The open squares (second moment) and down triangles (third
moment) are during flow, and the solid squares (second mo-
ment) and open circles (third moment) are during the initial
elastic deformation. The vertical line indicates the radial po-
sition of the rate of strain discontinuity.
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FIG. 4: Distributions of velocities for Ω = 8 × 10−4 rad/s.
The two distributions are taken at different radial positions.
The open bars are for r = 6.98 cm, and solid bars are for
r = 4.52 cm. The two distributions were selected to illustrate
the evolution of an asymmetry in the velocity distributions
during flow.

IV. DISCUSSION

The bubble model has been successful at explaining
many features of slowly sheared bubble rafts, especially
in relation to the fluctuations in stress as the bubble raft
flows [22, 25]. One feature of the bubble raft flow that is
not immediately obvious from the bubble model simula-
tions is the existence of the discontinuity in rate of strain
[3]. The measurements of velocity fluctuations presented
here further explore this discontinuity and various pre-
dictions of the bubble model.

There is basic agreement between the experimental
measurements of the second moment of the velocity fluc-
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FIG. 5: Comparison of the probability distribution of ∆v =
(v− v̄)/δv for a rate of strain of 1.1×10−3 s−1 (solid squares)
with a Gaussian distribution (solid line). The data was taken
at r = 5.8 cm with Ω = 8 × 10−4 rad/s. The semi-log plot
highlights the non-Gaussian tails in the experimental distri-
bution.

tuations and the bubble model. In both cases, the root
mean squared fluctuations are consistent with a power-
law dependence on the rate of strain for low rates of strain
with an exponent of approximately 0.6 [17]. The quan-
titative agreement is intriguing because there was no at-
tempt to match detailed features of the system to the
model, such as the dissipation or packing fraction. This
agreement raises the question of how robust this expo-
nent is, and what features of the system determine its
value. Even further, this exponent is in general agree-
ment with similar measurements in granular flow [13–
16], providing further support for a potential generalized
description of these systems in terms of a jamming tran-
sition [26, 27]

A clear disagreement between the bubble model and
the experiments is the behavior of the second moment
at high rates of strain. For the experiments, the second
moment of the velocity distribution appears to decrease
above a rate of strain of approximately 0.02 s−1. In con-
trast, the simulations observe a monotonic increase in the
second moment as a function of increasing rate of strain
to rates of strain of order 1 [17].

The sudden decrease in the second moment with rate
of strain raises two issues. First, it should be noted that
in the experiments, the decrease occurs at approximately
the same rate of strain for which it has been reported that
the system makes the transition to quasi-static behavior
where the average stress is essentially independent of rate
of strain. In Ref. [25], this was reported to occur at a rate
of strain of 0.07 s−1. However, the transition to quasi-
static flow is not a sharp transition, and a gap in the
data in that work from 0.01 s−1 < γ̇ < 0.08 s−1 makes
determining its location difficult. Second, from Fig. 2, it
is clear that the region of large rate of strain is also a
region relatively close to one of the system’s boundaries.
This raises the issue of the impact of the boundaries on
fluctuations. Further work with larger systems will be
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needed to resolve the role of boundaries.
The other clear agreement between the bubble model

and the experiments is the existence of non-Gaussian tails
in the velocity distribution [17]. However, a result that
needs to be explored further is the asymmetry of the
velocity distribution. This asymmetry has not been re-
ported for simulations of the bubble model. However,
the simulations did focus on the equivalent of the ra-
dial velocity. In the experiments, the radial velocity was
too small for accurate measurements of the velocity dis-
tribution. Therefore, before definite conclusions can be
drawn, it is necessary to consider the distribution for the
velocity in the direction of flow within the context of
the bubble model. Besides differences between velocities
parallel and perpendicular to the flow, the experiment
and simulations use different geometries. It may be that
the asymmetry is a result of the Couette geometry, and it
does not exist in a parallel plate geometry. Future exper-
iments are planned for the parallel plate geometry that
will help resolve this issue.

Finally, the behavior near the discontinuity in strain
rate raises some interesting issues. Measurements of the
average rate of strain suggest that for r > rc, the system
is acting as an elastic solid and that there is a disconti-
nuity in the rate of strain at rc. However, measurements
of the velocity fluctuations clearly indicate a difference
between the deformation for r > rc during flow and

the “real” elastic deformation observed during the initial
stages of rotation. First, there is no obvious discontinuity
in either the second or third moment of the velocity dis-
tribution. Second, especially for Ω = 5× 10−3 rad/s, the
second and third moments of the velocity distribution,
though essentially constant for r > rc, are significantly
larger than the values observed during the initial elastic
rise. This indicates significant non-elastic motion of the
bubbles in this region. These results are consistent with
previous observations of nonlinear rearrangements, or T1
events. In Ref. [24], it was found that the T1 events occur
at all radii, even though the flow is localized to r < rc.
This confirms the non-elastic nature of bubble motions
during flow in the region r > rc. Again, future work on
larger systems will be needed to further increase our un-
derstanding of this interesting discontinuity and to better
understand the nature of the zero rate of strain state for
r > rc during flow.
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