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INTRODUCTION

In Chapters 9 and 10, we laid the groundwork for the analysis of linear filtering opera-
tions. Linear filters can be implemented either by convolution in the time (or spatial)
domain or by multiplication in the frequency domain. In later chapters, we deal with
the techniques for and limitations of implementing linear filtering digitally. In this
chapter, however, we discuss techniques for designing filters to accomplish particular
goals. To gain insight, we shall first examine the time domain and frequency domain
behavior of certain simple but useful filters. Later in this chapter, we approach the
problem of designing filters that are optimal for doing a specific job.

As in Chapters 9 and 10, we shall perform the analysis with one-dimensional
(time) signals for simplicity of mathematics. The generalization to two dimensions is
straightforward.

EXAMPLES OF COMMON FILTERS

In this section, we consider some conceptually simple filters in order to gain insight
into the time domain and frequency domain characteristics of filters and their effect
upon input signals.
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The ldeal Bandpass Filter

Suppose we desire to implement, by convolution, a filter that passes energy only at
frequencies between f; and f;, where f; > f;. The desired transfer function is given by

l IS 2
G(x)z{ fiIsI<T o

0 elsewhere

and shown in Figure 11-1. Since G(s) is an even rectangular pulse pair, it can be
thought of as a rectangular pulse convolved with an even impulse pair. If we let

so =31+ /) and As—f,—fi ®
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Figure 11-1 Ideal bandpass transfer function

we can write the transfer function of the ideal bandpass filter as
i s
G(s) = TH( ) * [6€s — 50) + &s -+ 50 3

With the transfer function expressed in this form, we can easily write the impulse
response

_ A.sin (mAst) _ sin (nAst)
g(f) = As —nm—2 cos (2ms,t) = 24s As cos (2ms,t) 4

Since As < 5,, Eq. (4) describesa cosine of frequency s, enclosed in a sin (x)/x
envelope having frequency As/2. This impuise response is graphed in Figure 11-2.
The number of cosine cycles between envelope zero crossings depends on the rela-
tionship between s, and As. Notice that if s, is held constant and As becomes small,
the envelope expands to include more and more cosine cycles between zero cross-
ings. As As approaches zero, the impulse response approaches a cosine. In the limiting
case, the convolution actually becomes a cross-correlation of the input with the cosine
at frequency s,.
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Figure 11-2 ideal bandpass impuise response

The Ideal Bandstop Filter

Suppose now we desire a filter that passes energy at all frequencies except for a band

between f, and f,, where f; > f,. This transfer function is given by
0 AZIs[<h
HE) = { ‘ ’ ®

1 elsewhere

and graphed in Figure 11-3. For convenience, we again let 5, be the center frequency

H(s)
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Figure 11-3 Ideal bandstop transfer function

and As the bandwidth (Eq. 2). Now we can write the transfer function as one minus
a bandpass filter

Hs) = 1 = TI(;) # [5(s — 50) + 85 + 50)] ©
from which the impulse response is

(D) = &(¢) — 2As i“ﬂ%’%@ cos (2715of) @

The impulse response is graphed in Figure 11-4. Its behavior with changing bandwidth
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28, 350 st

Figure 11-4 ldeal bandstop impulse response

and center frequency is similar to that of the bandpass filter, which it resembles. If
As is small, this filter is referred to as a “notch filter.”

The General Bandpass Filter

We now consider a class of bandpass filters constructed in the following way. We
select a nonnegative unimodal function F(s) and convolve it with an even impulse pair
at frequency s,. This yields a bandpass transfer function, as shown in Figure 11-5.

Kis)

Figure 11-5 The general bandpass filter

The transfer function is given by
K(s) = F(s) * [6(s — o) + (s + 50)] ®
and the impulse response by
k() = 21 (1) cos (2zs,t) )

This impulse response is a cosine of frequency s, in an envelope that is the inverse
Fourier transform of F(s).
Suppese, for example, that F(s) is'a Gaussian

K(s) = Ae™2<" % [8(s — 50) + O(s + 50)] 10
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Then the impulse response becomes

24
k(z):me 729" 005 (2R5,1) (1)

This impulse response is a cosine in a Gaussian envelope. It is graphed in Figure 11-6.
Notice that we could easily generate a class of bandstop filters as before.
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Figure 11-6 The Gaussian bandpass filter

The Gaussian High-Frequency Enhancement Filter

The term high-frequency ent filter is generally taken to describe a transfer
function that is unity at zero frequency and increases away from the origin. A high-
frequency enhancement filter may either level off at some value greater than one or,
more commonly, may fall back toward zero at high frequencies. In the latter case,
the high-frequency enhancement filter is merely a type of bandpass filter with the
restriction of unity gain at zero frequency. In practice, it is often desired to have
less than unity gain at zero frequency to reduce the contr:
components in the image.

We can produce a high-frequency enhancement tra
it as the difference of two Gaussians of different widths.

ast of large, slowly varying
nsfer function by expressing

H(S) = Ae~/1n' _ Bo-sV2lay A> B, @ > d,

This is shown in Figure 11-7. The impulse response of this filter is given by

h() =

e~/2ot __ o~t'/1as? o, = 27:(1 12)

A B
~2ng? ~2no6?

and graphed in Figure 11-8. Notice that the broad Gaussian in the frequency domain
produces a narrow Gaussian in the time domain and vice versa. The impulse response
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Figure 11-7 The Gaussian high-frequency enhancement transfer function

shown in Figure 11-8 is typical of bandpass and high-frequency enhancement filters,
i itive pulse situated in'a negative dish. o ) ]
havm%fiviolit o, :pproach infinity, the narrow Gaussian in the txme9 d;ma_m ?En;ot::
i hown in Figure 11-9. Notice thal
to an impulse and the filter has the form s A .
g?ﬂ‘t?en(::e betwien a filter that rolls off (returns toward ze}'o) at }ugl? frequencies and
one that does not is the width of the central pulse in the time domain.

Rules of Thumb for High-Frequency Enhancement

Filter Design - » -

In this section, we develop two approximate rules to estimate the bchavpr ofr:fed
> .

frequency enhancement filters. Suppose the impulse response of the filter is exP

as a narrow pulse minus a broad pulse,

h(8) = hi(0) — () (13)

s illustrated in Figure 11-10. We know that the transfer function .H(s) w11l' ha\;e 311:
Zeneral shape of a high-frequency enhancement filter. \gc wouldhhke tot ?::XI;? ;:arge
1 determine its effect on the contr:
nsfer function at zero frequency to 4 ¢ <
:)rl;ljects within the image. We also would like to estimate the maximum value the
transfer function takes on at any fréquency.
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Figure 11-8 The Gaussian high-frequency enhancement impulse response

If we write the Fourier transform of Eq. (13) and substitute the value 5 = 0
we obtain '

H(O) = J'_': h(e) dt = j_: hy() dt — J:, hy(Odt = A, — 4, (14

where 4, and A, represent the areas under the two component functions.
We can place an upper bound on the magnitude of the transfer function if we

assume that H,(s) goes to zero (dies out) before H ( i i
: 5) decreases from
value; that js, © Hs maximum

Hou <H(O) = [ h@ dr = 4, (15)

We now have two rules of thumb for high-fi
) 1gh-frequency enhancement filt -
posed of the difference of two pulses: Y o eem

HO) =A,— 4, and H,,, <A, (16)
If k() is an impulse (recall Figure 11-9), then equality holds in Eq. (16).
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Figure 11-9 The Gaussian highpass filter

Low-Frequency Response

In this section, we examine the effect a filter has upon large constant areas within an
image.

" Assume the impulse response g(r) is duration-limited, that is, zero outside a
finite interval. Assume also that the input signal f(7) is constant over an interval larger
than the duration of g(¢). This situation is shown in Figure 11-11. The output of the
system is given by the convolution integral

o) = [ gz — o) an an
Over the interval of interest, however, the input signal is constant and Eq. (17) becomes
(x) = f 7 cg(x — 1) dr = ¢ j"’ g(1) dt (18)

Notice that if we substitute s = 0 into the definition of the Fourier transform, we
have
6O = [ g dr
which means
' h(x) = cG(0) (19)
Thus if G(0) = 1, the filter will not change the amplitude of large constant areas of

ot
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Figure 11-10 The general highpass filter
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Figure 11-11 Low-frequency response

Chapter 11 Filter Design 199

f(x). Generalizing to two dimensions, this means that the filter does not change the
contrast of large flat areas within the input image. If G(0) does not equal one, it
becomes a gain factor controlling the overall amplitude relationship between large
components of A(¢) and f(r).

OPTIMAL FILTER DESIGN

In this section, we develop techniques to design filters that are, in some sense, optimal
for the job for which they are intended. We shall accomplish this by first establishing
a criterion of “goodness” and then maximizing that criterion by proper selection of
the impulse response of the filter.

The history of digital image processing has seen considerable filter design done,
the way flying was done in World War I, “by the seat of the pants.” Filters have been
chosen for reasons of computational simplicity, past success, convenience, aesthetic
appeal, and whim. Such filter design bears the unwholesome label “suboptimal,” with
all its negative connotations. It almost never produces the best filter for the job, and
it can be dangerous. )

Suboptimal filters, particularly those easy to implement by computer, can
introduce artifacts into an image, frequently without warning. Filters involving the
rectangular pulse in the spatial domain, a favorite of computer programmers, have a
most unsavory spectrum due to the infinite undulations of the sin (x)/x function. Users
of such filters are often plagued by “ringing” and other artifactual phenomena in the
opposite domain. They frequently regard these undesirable characteristics as indige-
nous to digital processing, or lament the lack of computer power necessary to do
the job correctly. .

In this section, we develop design techniques for optimal filters and show that
they are, in general, quite well behaved. It is hoped that the reader, armed with this
knowledge, can intelligently trade off optimality for computational simplicity without
courting disastrous artifacts.

In'this section, we review the concept of an ergodic random variable and develop
design techniques for two optimal filters. They are the Wiener estimator (Refs. 1, 2, 3,

4), which is optimal for recovering an unknown signal from additive noise, and the

matched detector (Refs. 4, 5, 6), which is optimal for finding a known signal buried in
additive noise. Even if the reader never designs an optimal filter, these two develop-
ments will sharpen his insight considerably.

Random Variables

In previous chapters, we have referred to the concept of a random variable, particu-
larly for describing system noise. Since random variables play a major role in the
following development, we consider them now in some detail.

We use the term random noise to describe an unknown contaminating signal.
The word random is a euphemism for our incomplete knowledge. This ignorance
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rgsults from dealing with a process, the physics of which is not well underst
with a process too complicated to analyze in detail. ood or
When we re':cord a signal, we know that, during the recording process

u'ndeslred contaminating signal will appear superimposed upon (added to) the de. ired
s?gnal. Though we might know the origin of the noise, we cannot exbress its fs >y
tional form mathematically. After observing the noise for a period of time, we g
develqp a partial knowledge of it and be able to characterize some aspe’cts o?l?y
beh_avxor, though we can never predict it in detail. Thus the concept of a rand -
variable becomes a useful tool in dealing with noise. andom
. We may think of a random variable as follows. Consider an ensemble of fu
tions consisting of infinitely many member functions. When we make our rccord'nc-
one of those member functions emerges to contaminate our record. We o
of knowing which member function will a .
about the ensemble as a group. In this wa
the contaminating signal.

have no way
ppear, but we can make general statements
Y, We can express our partial knowledge of

Ergodic Random Variables, In the remainder of this book it is sufficient to conce;
ourselves only with random variables that are ergodic. The definition of the er odic"rtn
property can be approached as follows. There are two ways by which we can cim tity
averages of a random variable. We can compute a “time average” by integratig ;
particular member function over all time, or we can average together the valuesgoz;
all ‘r‘nember functions evaluated at some particular time. The latter technique produces
an ensem_ble average” at some point in time. A random variable is ergodic if and onl
if (1) the t@e averages of all member functions are equal, (2) the ensemble average i)s'
constlant with time, anq (3) the time average and the ensemble average are numerifally
;::t::c‘ha T:;:; ;‘;:1: ergodic random variables, time averages and ensemble averages are
In Chapter 7 we introduced the expectation operator &{x(1)} which denotes the
ensemble average of the random variable x computed at time ¢. Under the ergodicit
property, &{x(2)} also denotes the value obtained when x(r) is averaged over time, ¢

8{x(r)} = j_‘: x(1) dr ©0)

Equation (128) of Chapter 10 defines the autocorrelation function as a time
average. For an ergodic random variable, the autocorrelation function is the same for
all n?ember functions, and thus characterizes the ensemble. Therefore, when we sa
n(t) is an ergodic random variable, we mean it is an unknown functi’on that has Z
knowg autocorrelation function. This represents the state of our partial knowledge of
n(t). Since the autocorrelation function of n(t) 5

R(7) — L n(On(t + 1) dt )
1s known, its power spectrum

P(s) = FR,(v)} (22)
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is also known. This means we know the amplitude spectrum of n(t) but do not know
its phase spectrum. Indeed, the ensemble is composed of infinitely many functions
that differ only in their phase spectra. Any real, even, nonnegative function can be the
power spectrum of a random variable, and any real, even function that has a nonnega-
tive spectrum can be the autocorrelation function of a random variable.

Fortunately, ergodic random variables model commonly encountered random
signals quite well. For example, repeated observations of “white noise™ sources show
that the measured power spectrum is constant with frequency to a good approxima-
tion.

The Wiener Estimator

Suppose we have an observed signal x(¢), which is composed of a desired signal s(¢)
contaminated by an additive noise function #(f). We would like to design a linear filter
to reduce the contaminating noise as much as possible and restore the signal as closely
as possible to its original form. The configuration is shown in Figure 11-12. The

Figure 1112 Model for the Wiener

estimator nf)

impulse response is h(f), and the output of the filter is y{f). We want to select the
impulse response so that the output signal y(r) will be as close as possible to s(f).
Ideally, we would like (r) to be equal to s(¢), but in general a linear filter is not power-
ful enough to recover a contaminated signal exactly. What we shall do instead is select
the impulse response A(f) so that () will be as close as possible to 5(¢).

Before we begin, we-must decide what knowledge we have about s(t) and n(r).
If we know nothing at all about the signal or the noise, we cannot even start on the
problem. At the other extreme, if we know one or both of the signals exactly, the
solution is trivial. For the purposes of the following analysis, we shall assume that
both s(f) and n(t) are ergodic random variables and thus have known power spectra.
This means that, although we do not know n(f) exactly, we do know that it comes
from an ensemble of functions all having the same autocorrelation function and,
hence, the same power spectrum. The same restriction applies to s(r). Furthermore,
we assume that either we know the power spectra a priori or we can capture samples
of s(t) and n{¢) and determine their power spectra, which are, in turn, representative
of their respective ensembles.

Optimality Criterion. Before we begin the development of the optimal filter, we must
establish an objective criterion of optimality. Since asking for y(t) = s(¢) is in general
asking too much of a linear filter, we shall ask instead for the best job possible under
the circumstances. As a criterion of optimality, we shall use the mean-square error.

e
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No matter what k() is, optimal or not, we will obtain an output y(z) in response
to an input s(r). We define the error signal at the output of the filter as

e(r) = s(t) — ¥1) (23)
that is, the amount by which the actual output differs from the desired output as g
function of time. If the impulse response 4(7) is well chosen, the error signal will be,
on the average, less than it would be with a poor choice of k(). As a measure of the
average error, we use the mean-square error given by

MSE = &{e*(1)} = jl (1) dt 4)

The latter equality holds because the error signal, a linear combination of ergodic
random variables, is itself an ergodic random variable.

Notice that e3(r) is positive for both positive and negative errors. Also, squaring
the error causes large errors to be penalized more severely than small errors. For
these reasons, minimizing the mean-square error is an intuitively satisfactory choice of
an optimality criterion. While other criteria, such as absolute error, could be used,

they considerably complicate the analysis and provide, for our purposes, little or no
advantage.

The Mean-Square Error. We now approach the problem as follows: Given the power
spectra of s(f) and n(r), we must determine the impulse response A(¢) that minimizes
the mean-square error. Notice that the mean-square error is a functional of A(z), the
impulse response, since a function A(f) maps into a real number MSE. The branch of
mathematics concerned with functional minimization is the calculus of variations,
which we shall use. We shali obtain a functional expression for MSE in terms of A(f),
then find an expression for the optimal (minimizing) A(?) in terms of known power
spectra, and finally develop an expression for the MSE that results when the optimal
h(?) is used. This latter step will show how well the optimal filter works.
We begin by expanding the mean-square error in Eq. (24).

MSE = 8{e*(1)} = &{[s(t) — ¥(O]] = 8{s*(1) — 2s((2) + »y*()} (295
Since the expectation is an integral operator [Eq. (20)], we can write
MSE = &{s*(1)} — 2&{s(y(0} + 8y} =T\ + T, + T (26

where T, T,, and T, are introduced so that we may consider the three terms sepa-
rately. Writing 7, as an integral,

T, = &{s*(1)} = fm sX(t) dt = R(0) @7

we recognize it as the T = 0 point on the (known) autocorrelation function of s(¢).

Writing y(7) as the convolution of x(r) and A(r) allows us to expand the second
term as

T, = —28{5(1) ji h(@)x{t — 7) dt} (28)

Since the expectation operator is actually an integral over time, we can rearrange Eq.
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(28) to produce
T, =—2 j hEOE[s()x(t — 1)} dt (29)

Now we recognize the expectation inside the integral as the cross-correlation function
of s(f) and x(r) and write

T, =—2 j_"_ h(t)R_ () dt (30)
We can expand T as the expectation of the product of two convolutions
T, = s{ I Ot — 1) de |7 apxte — w du} 3D
which may be rearranged as before to yield
n={ | KOhWEDE — D)Xt — w)) dr du (2)

If, inside the expectation operator, we make the variable substitution v = ¢ — #, that
factor becomes

§x(t — x(t — w)} = &{x(v + u — T)x(v)} (33
which is simply the autocorrelation function of x(z) evaluated at the point u — 7.
Now the third term can be written as

T, = j_" '[:’ R(ORER (4 — 1) dt du (34)
The mean-square error of Eq. (26) can now be written as
MSE = R(0) — 2 f h(t)R, (1) dt + j_”_ r_ HOhWR(k — T drdu  (35)

This is the mean-square error in terms of the filter’s impulse response and known
autocorrelation and cross-correlation functions of the two input signal components.
As expected, MSE is a functional of h(f). We now wish to select the partlcular func-
tion A(f) that causes MSE to take on its minimum value.

Minimizing MSE. Let us denote by 4,(r) the particular function that minimizes MSE.
In general, an arbitrary A(z) will differ from the optimal A,(f), and we can define a
function g(¢) to account for this variation from the optimal; that is,

h(#) = h() + &) (36)
where A(f) is an arbitrarily chosen (suboptimal) impulse response function and g(f)
is chosen to make the equality hold. The reason for this seemingly unnecessary com-
plication is not obvious now, but it will allow us to establish a necessary condition
upon Aft).
If we substitute the definition for g(¢) in Eq. (36) into the MSE equation [Eq.
(35)], we obtain

MSE = R(0) — 2 [ [h() + g@IR..(0) dt
' Lo 37
+ [ 7 @ + @) @) + g@IR e — 7) dr du
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This expression can be expanded, producing seven terms

MSE =R0)~2 [ h@R.@de+ [ [ hoh@Ru— o) drdu
+ J-:. J:; ha(‘!)g (u)Rx(ll - T) dr du + j’:; J—:‘ hn(u)g(-t) R (u — 1) dt du

—2(" s@R @ dr+ [ [ e@pGIRu— ) dr du 38)

Comparing the first three terms with Eq. (35) we see that their sum represents the
mean-square error that results when the optimal impulse response 4,(¢) is used. We
denote this value by MSE,. Since the autocorrelation function R,(u — ) is an even
function, the fourth and fifth terms of Eq. (38) are equal. We can combine them with
the sixth term and write Eq. (38) as

MSE = MSE, + 2 |~ g(u)[j" B(D)R,(u — 1) dr — R,,(u):] du
- - (39)
+ j j eWg@R(u — 7) dudt = MSE, + T, + T;
where T, and T are introduced for compactness of notation.

We shall now show that the term T is nonnegative. Writing the autocorrelation
function R,(u — ) as an integral produces

Ty={" [ gde ["xt—oxt — iyt duae (40)
which may be rearranged to yield
T, = j :'_ 'f:_ 2Q)x(t — u) du .[_”_ gEOX(t — 7) dr dt (1)

If we define z(f) as the function that results from convolving g(f) with x(¢), we can
recognize Eq. (41) as

T, — f ) dr >0 42)

which can never be negative.
Returning to the MSE, we can write Eq. (39) as

MSE = MSE, +2 | g(u)[ [ h@Rw— 7 dr — R,,(u)] du+ Ty (43)

where MSE, is the mean-square error under optimal conditions and I’s cannot be
negative. We wish to establish a condition on k,(r) that will ensure that MSE, is the
smallest value that MSE can possibly have. One way to do this is to make the quantity
in brackets be zero for all values of u. This makes T, drop out of Eq. (43) and guaran-
tees that MSE, << MSE. However, we still must make sure that condition is both
necessary and sufficient to optimize the filter.

Suppose that the term in brackets in Eq. (43) were nonzero for some values of
u. Since g(u) is an abritrary function, it could take on large negative values where the
bracketed term was positive and vice versa. The integral in T, would then take on a
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large negative value and MSE would become smaller than MSE,. Since this violates
our definition, we conclude that it is a necessary condition that the bracketed term
in Eq. (43) must be identically zero. This means that

R0 = [ h@Rw—7)du (44)

is a necessary condition in order for the mean-square error to be minimized. Now the
complication introduced in Eq. (36) has paid off by giving us a necessary condition
for the optimal filter.

It is easy to see that the condition of Eq. (44) is also sufficient to optimize the
filter, that is, that no additional conditions are required. Since the necessary condition
causes 7, to drop out of Eq. (43), it becomes

MSE = MSE, + T T,>0 (45)
from which it is clear that
MSE > MSE, (46)
Thus Eq. (44) defines the impulse response of the linear estimator that is optimal in
the mean-square sense.
Notice that the right-hand side of Eq. (44) is a convolution integral, which can
be written as
R.(7) = h(u) * R.(u) “7n
It relates the optimal impulse response to the autocorrelation of the input signal and
the cross-correlation of the input and the desired signal.

It is easy to show that, for any linear system, the cross-correlation between
input and output is given by

R, (1) = h(u) * R () 48)
where R,(u) is the autocorrelation function of the input signal [see Chapter 13, Eq.
(57)]. Comparing this with Eq. (47) illustrates that the Wiener filter makes the input/

output cross-correlation function equal to the signalfsignal-plus-noise cross-correla-
tion function.

If we take the Fourier transform of both sides of Eq. (47), we are left with

P (s) = Hs)P(s) 49
which implies that
Hs) = 520 (50)

is the frequency domain specification of the Wiener estimator.

Wiener Filter Design. Equation (50) implies that we can design a Wiener estimator
in the following way: (1) First, digitize a sample of the input signal s(r). (2) Autocor-
relate the input sample to produce an estimate of R,(r). (3) Compute the Fourier
transform of R.(7) to produce P,(s). (4) Obtain and digitize a sample of the signal in
the absence of noise. (5) Cross-correlate the signal sample with the input sample to
estimate R, (7). (6) Compute the Fourier transform of R, (z) to produce P, (s). (7)
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Coxlnpute the transfer function of the optimal filter by Eq. (50). (8) If the filter is t
be implemented by convolution, compute the inverse Fourier transform of H,(s) to
produce.the impulse response h,(f) of the optimum linear estimator. e
) If it i§ impossible or impractical to obtain samples of the noise-free signal and
the input signal, one could assume a functional form for the correlation functions or
the power spectra required in Eq. (50). For example, white noise has a constant power

spectrum, and some functional form might be assumed for the po
desired signal. power spectrum of the

Uncorrelated Signal and Noise. The autocorrelation functions in Eq. (45) and the
power s_>pectra in Eq. (50) are somewhat difficult to visualize and interpret. The situa-
txoy is improved considerably, however, if we assume that the desired signal and the
noise are uncorrelated. By definition, this means that

8{s(Hn(0)} = &{s()}8{n(1)} (51
‘We can transform the numerator of H,(s) [Eq. (50)] and write
R..(v) = &{x(Os(t + 7)} = &{[s()) + n(O))s(t + 1)} (52)
or
R, () = &{s()s(t + 1)} + &{n()s(t + 1)} (53)

In view of Eq. (51) we can write

R.(®) = R@) + sp@lst + D} = R@ + [ nar | stk nyar (59)

or
‘ R.(t) = R(r) + N(0)S(0) (55
A similar exercise in the denominator of Eq. (50) produces
R,(7) = R(x) + R,(z) + 2S(O)N(0) (56)
Then Eq. (50) becomes
_ __PAs) + N(O)S(©0) &(s)
)= 554 Py + 2NOSO50) ©7

or, ignoring zero frequency,
—__ P
H(s) = ot
W=rm e 7° 8
. Notice that if e.ither the signal or noise has zero mean value, then Eq. (58) is
valid for all frequencies, including zero. If both signal and noise have nonzero mean
values, then

H0) =} (59)
Recall that Eq. (35) gives the mean-square error at the filter output. If we install

the optimality condition of Eq. (44) in the third term of Eq. (35), it combines with
the second term, leaving

MSE, = R,(0) — 4[_: h(T)R,(7) dt (60)
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a simple expression for the mean-square error of the optimal filter. With uncorrelated
zero mean noise, Eq. (55) suggests we can replace R (1) with R(7), which is the
inverse Fourier transform of P,(s). Then Eq. (60) becomes

MSE, = R(0) — | h(@F (P} dr (61)
Writing out the inverse transformation and rearranging integrals produces
MSE, = R0 — [_P.(5) j' 7 h(m)er dr ds (62)

Recognizing the first term and the second integral as Fourier transforms allows us to
write

MSE, = j:: P(s)ds — J'_"‘_ P(s)H(—s)ds (63)

Since the transfer function H,(s) is even, the minus sign on its argument can be ignored.
We now substitute Eq. (58) and obtain

[ _ P(s)
MSE, = J' Pl ds L PO TP (64)

which may be rearranged to yield

= [T _PLIPLS)
MSE.= | P + PO% ©
the frequency domain expression for mean-square error in the uncorrelated case.

Figure 11-13 illustrates the frequency domain behavior of the Wiener filter.in
the uncorrelated case. Notice that the magnitude of the transfer function H,(s) is
bounded by 0 and 1. Also, the transfer function decreases with a decrease in signal
power spectrum or an’increase in noise power spectrum. When the signal-to-noise
ratio is high, the transfer function approaches unity, passing all the energy in the
signal. When the signal-to-noise ratio is low, however, the transfer function declines
toward zero.

When we assumed that our knowledge of s(¢) and n(t) was limited to power
spectra, we admitted we had no phase information. Notice that the transfer function
H,(s) is real and even and thus has no phase shift.

The actual mean-square error at the output, which indicates how successfully
the filter is able to recover the signal from the contaminating noise, is given by Eq.
(65). The integrand is plotted in Figure 11-13. Notice that the contributions to MSE
occur in frequency bands where both the signal and noise power spectra are nonzero.

Figure 11-14 illustrates the case where signal and noise are separable in the
frequency domain. In this case, the Wiener estimator passes the signal in its entirety
and discriminates completely against the noise.

The case of a band-limited signal imbedded in white noise is illustrated in Figure
11-15. If the signal power spectrum is constant, the mean-square error is proportional
to the signal bandwidth, s; — 5;.
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Figure 11-13 The Wiener filter transfer function
If the signal-to-noise ratio is low, Eq. (65) reduces to approximately
MSE, ~ j:_ Ps)ds = j; |S(s) |2 ds (66)
which is, by Rayleigh’s theorem,
MSE, ~ j_: s¥(1) dt = R(0) = energy (67)

Thus, in this case, the mean-square error is proportional to the energy in the signal.
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Figure 11-14 Separable signal and noise

H(s)

Figure 11-15 Band-limited signal l s~ 2

Wiener Deconvolution. Ordinary deconvolution, as previously discussed, does not
account for noise. Thus deconvolution transfer functions, which often take on extreme-
ly large magnitudes at high frequencies, are not practical when noise is present. Figure
11-16 illustrates the situation when deconvolution is followed by a Wiener filter. The

n(t)

Figure 11-16 Wiener deconvolution

desired signal s(¢) is first degraded by a linear system with impulse response f(r). The
output of the filter is corrupted by a noise source n(r) to form the observed signal
x(£). It is desired to design a linear filter g(#) that will simultaneously deconvolve the
undesired impulse response f(#) and discriminate against the noise. In Figure 11-16,
g(?) is illustrated as a concatenation of a deconvolution filter and a Wiener filter with
impulse response A,(t).

Since the deconvolution filter is known, it only remains to determine the impulse
response A,(t) before combining the two linear filters to produce g(2).

The configuration in Figure 11-16 implies that the spectrum of the observed
signal is given by

X(s) = F(s)S(s) + N(s) (68)
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R T S

Furthermore, assuming F(s) has no zeros, the input spectrum to the Wiener filter js
N(s) _

e

5 Y(s5) = FAAC) g
; (s) = S(s) + Fo) S(s) + K(s) (69) "
Equation (58) implies, for uncorrelated signal and noise sources, that the Wiener filter y
transfer function is given by
. 1)
Hs) = L) 1SOP Figure 11-18 An equivalent model
Ps) + Pfs) |SG)P + %s) z 10) igure 11~ n equivalent model
F(s)

] As with the Wiener filter, we must first stipulate what knowledge we have about
the signal and noise and establish a criterion of optimality. Suppose we know the
functional form of m(z), but we do not know at what point in time it occurs. The

Thus the fransfer function G(s) of the optimal deconvolution filter in the mean-square
sense is given by

: - Hes) 1] P(s) F*(s)P,

: : G(9) = F(s) FG)[P,(;) + P T TFGO)P IS’()S)'&‘:) .5 mn classical application of the matched detector has been the detection of reflected radar

R iy pulses. In this case, the reflected pulse, identical to the transmitted pulse, is known in

i ;r': The Matched Detector form but not in time of arrival. In digital image processing, the matched detector is

el We now consider a filter that i : . . useful for locating known features in a noisy image.

L TER Sltor i otiomal § er that 1s optimal for a different purpose. Whereas the Wiener As with the Wiener filter, we shall assume that the noise is an ergodic random

LHiE . 18 P or recovering an unknown signal from noise, the matched detector is variable of known power spectrum. We wish to design k(r) so that, by observing the
;r 8 optimal for ocating a known signal in a noisy background (Refs. 4, 5, 6). The matched i i ;

| JUEE filter is designed to “detect” th A N c output, we may best be able to detect the signal when it does occur.

(. gned etec le occurrence of a signal of prescribed form in a noisy e -

i g TR backgrounfi. This contrasts. with the Wiener filter, which is designed to “estimate” 0phmallt?' Crltenon: Asa measure of performance for the ﬁlt'er, we shall use the
i L‘ ‘ what the signal was before it was contaminated with noise. average sngnal—to—noxsg power ratio at the output, evaluated at time ¢,

ﬂ ! ‘Jﬁ!* The.model fo_r the devf.lopment of fh.e matched detector is shown in Figure i o= 8fur(t,) a4
i ;.’., 11-17. A signal m(z) is contaminated by additive noise n(r) to form the observed signal 8{v*(10))}

a“ g8 4

i1isg ‘ assuming that the signal m(r) occurs at ¢ = 0.

! g 2 m(t) Wt k Since the system is shift invariant, if the signal should choose to occur at some
%i} 5 > © vt time ¢,, then the signal to noise power ratio at the output will be maximized at#, + ¢,.
l’ ‘ Thus t, allows us to introduce offset, if desired, between the occurrences of the signal
| ! s and the output pulse. Ordinarily, for filter design purposes, the signal m(t) is some rela-

" tively narrow function located at the origin, and ¢, is set to zero. Then, when m(t — t,)
arrives at time ¢,, the amplitude of the filter output becomes large. Before and after,
in the absence of signal, the output amplitude is relatively small.

Clearly, if p is large, the amplitude of the output ¥(t) will be highly dependent on
the presence or absence of m(t) and relatively insensitive to fluctuations in_the noise kllﬂl?
n(t). Thus, as a criterion for optimality of k(7), we shall choose the maximization of p.

=as e e Ko Swors Ries

Figure 11-17 Model for the matched detector

x(¢), which is inp1.1t to the linear filter having impulse response k(¢), producing the
output y(z). We wish to use the filter to detect the presence or absence of m(t). That

is to say, we shall monitor y(z) to detect the occurrence of m(), a specified signal of
known form. We wish to select the impulse response k(?) to make this job easy. It is important to note that this criterion of optimality makes no guarantee that

: For the system in Figure 11-17 the output 3(z) will resemble m(z). However, since we know the functional form of
) 4 , P !
m(f), we are not interested in fidelity of reproduction, as we were in the case of the

t) = t =
) D) = {m(@) +_ ”(’)]_ * k() = m(s) * k(r) + n(2) * k(1) (712) Wiener filter. Instead, we want the output to be large when m(t) is present and small
which means that the system in Figure 11-18 is equivalent. It makes no difference when it is not.
. whether m(?) and n(¢) are summed before or after passing through the filter. We define Since u(f) is deterministic, we can drop the expectation operator in the numerator
’ the component outputs as and write Eq. (74) as
| u(t) = m@t) + k() and o(r) = n(t) * k(7) ™3) C_ ity _ im0 k0P _ [?‘-A____L' MKW _ px (75)
Now u(?) 1s the filtered signal and v(¢) is the filtered noise. g GCHO 8{["(0 *kOF} 8lln0)* KO} pe
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We begin by expanding the denominator as a product of two convolution integrals:
o =8{[”_Kawe — g dg | k(enGs — ) di] 76)

Since the expectation is an integral over time and the impulse response k(t) is not
a random signal, we can rearrange the integrals in Eq. (76) to produce

p=["_ [~ Kokmsintt — gwn(s — v} dg dr an

We recognize the expectation factor within the integral as the autocorrelation func-
tion R(t — g) of the noise, which is, in turn, the inverse Fourier transform of P(s),
the noise power spectrum. Thus

gfn(t — n(t — 1)} = Rz —q) = [P (s)er=c ds (78)
which makes the denominator of p
pa=[_ | K@@ [~ P(o)er=rcv ds dg dr ) .
Now we can factor the exponential and rearrange the integrals to produce
p=|" P_(s)[ [” kgyermedg [~ kayersme dt:| ds (80)

The term in brackets is the product of two inverse Fourier transforms, namely
K(s)K(—s). Furthermore, since the impulse response k(r) is a real function, the transfer
function K(s) is Hermite and X(—s) = K*(s). Thus the term in brackets reduces to

K($K(—s) = KE)K*() = | K 2]

Substituting this into Eq. (75) and writing out the Fourier transform in the numerator
allows us to write the signal-to-noise power ratio as

- U_: K(s)M(s)el2xsw ds]’
N ":" [ K()IPP(s) ds

It is this expression we wish to maximize. As with the Wiener filter, we must select a
function to optimize a quantity.

(82)

Schwartz’s Inequality. In this case, we shall make use of Schwartz’s inequality. This
is the mathematical result which states that

[roafeod=]]ros0u] 83)

where f(#) and g(¢) are arbitrary real functions and the integration is performed |
between arbitrary limits. Our approach is to define the functions (1) and g(7) in terms i
of factors appearing in Eq. (82) and obtain an inequality involving p. We shall then

assume a form for the transfer function and show that it maximizes p. First, however,

we shall prove the Schwartz inequality.
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We first define a function of the variable A by writing
00) = [ B () + g dr >0 (84)
Expanding the integrand and collecting terms produces
[Br@ + 0P dr =22 [ di+ B [fOp@ e+ [0 ar =0 69
Equaﬁon (85) is a quadratic equation in the variable A. Therefore, ‘
[2 | et d:]’ —a[r0d [gwdr <o (86)
or
[[roswa] <[roafsoa (87)

thus proving Eq. (83). ‘
A Necessary Condition. We shall now use Schwartz’s inequality to obtain a condition
upon the signal-to-noise ratio p. First we define two functions

f(s) = e K($)/Ps) (88)
and ©
= M) 89
g = 717:(?) (89)
Their product is
F(s)g(s) = e**K(s)M(s) 90
and their squared magnitudes are
/P =1K($)FP) on
and e
|s(s) 2 = LI o)

if we substitute the functions defined in Eqs. (88) and (89) into Schwartz’s
inequality, using s as the variable of integration, we obtain

= [ J‘ T 1K) PPLS) d{l[ f; “l‘,f_((’s))‘z ds} 93)

[T 1K@ P ds ' (94)

\ f T enmnk (s)M(s) ds

If we divide both sides by

we are left with

- S " M)
[ L K (5)M(s) ‘“I _ L | K()PP(s) ds L e ©5)
[ 1k@PrRas [ 1K)PPs)ds

Recalling Eq. (82), we recognize the left side of the inequality as p. Furthermore, the
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denominator on the right-hand side cancels the first term of the numerator, leaving us
with .
T IMG)P
p= J'... Ps) as ©6)
a relatively simple upper bound on p.
Schwartz’s inequality has led us to Eq. (96), which states that p is less than or

equal to an expression involving the power spectrum of the signal and that of the
noise. Clearly, p will be maximized when equality holds in Eq. (96). Since we want

p to be as large as possible, we take ?7-0{ s a[
Y (O)d
P = J-_m o) Spectrel -‘Kyw)
as a necessary condition to maximize p. d nelse

The Transfer Function. We shall now assume a particular férm for K(s) and show that
it does indeed maximize p. We assume that the optimal transfer function is given by

K (5) = el ©8)

Substituting that assumed form into the general expression for p [Eq. (82)] produces

j_w Ce-,z,u.yz:n.,%{%?ﬂ{(s) ds r

o0

= M*(s)M(s)
f C* PReP) o) ds

p= 99

Canceling the constants, the exponentials, and the P,(s) in the denominator reduces

the expression to
=3 2
U M) pg(s) ds

—o PS)

_ . 100

r f‘” M*OMG) . (100)
PX(s)

—co

Since P,(s) is real and even, P#(s) = P,(s), and the numerator is the square of the
denominator. Now p reduces to

= [T MR
P J‘_m P,,(S) ds Pmax (101)
which satisfies the necessary condition for optimality of Eq. (97). This means that the
transfer function assumed in Eq. (98) does indeed maximize the signal-to-noise power
ratio at the output of the filter at time 7, when the signal occurs at r = 0.

Notice that the magnitude of the transfer function

K9] = eI (102)

is proportional to the signal amplitude to noise power ratio as a function of frequency.
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The arbitrary constant C is not surprising, since we originally endeavored to maximize
a ratio at the output.

Examples of the Matched Detector

In order to develop insight into the operation of the matched detector, we consider
some illustrative examples under particular conditions.

White Noise. In the first case, let us assume that the noise n(r) is spectrally white; that
is,
P(s) = N} ) (103)

Since C in Eq. (98) is an arbitrary constant, we may set it equal to N}, in which case
the matched detector becomes

K(s) = M*(s)e™ /2= (104)

In the time domain, the impulse response is
k) = STHE()} = [ M*(s)esammerinnt ds (105)
Since m(?) is real, M(s) is Hermite and
k() = [ M(—s)er==reo ds = m{ts — 1) (106

Thus the impulse response for the white noise case is merely a reflected and shifted

version of the signal itself. This filter is said to be “matched” to the signal (Ref. 5)

and this name has become attached to the more general detector of Eq. (98).
The signal component of the output is given by

u(t) = m(e) » k0) = [~ m@mlty — 1 +7) de = Ralts — ) 107
and the noise component by
v(1) = n(t) * k(1) = r nE)m(ty, — t + 1) dt = Rofto — 1) (108

Since k,(¢) in Eq. (106) is just the reflected signal we are trying to detect, the matched
filter k(¢) is merely a cross-correlator. It cross-correlates the incoming signal plus
noise with the known form of the desired signal. The output is

WD) = u(t) + v(6) = Rty — ) + Rulte — 1) (109

which has an autocorrelation component only when the signal is present and always
a cross-correlation component. If the correlation between the signal and noise is small,
then R,,,(t) is small for all values of 7 and the noise component at the output is small.
Furthermore, the autocorrelation function R,(r) has a peak at T = 0 so, clearly,

— ¥t
o) e

is large at 1 = ¢, as desired.
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216 Linear Filtering Part II
The Rectangular Pulse Detector. As a particular example, suppose m(f) = II(z); that
is, the matched filter is designed to detect a rectangular pulse in white noise. Suppose
also that the input is x(¢) = s(£) 4 n(¢), where s(t) = II(t — T') and n(t) is white noise,
Recall that the autocorrelation function of the rectangular pulse is given by

R.(7) = II(1) + T(2) = A(7) (111
Now the output of the filter is

YO = R.() = R0 + R, () = A — T) + R..() (112
So, for the system shown in Figure 11-19, the components of the input and output
are presented in Figure 11-20.

From Figure 11-20, we see how the matched filter discriminates against the noise
while responding to the signal. The output has a peak at £ = T, the time at which the
input pulse occurs, but takes on relatively small amplitude otherwise. Thus a simple
examination of the output signal indicates when the input pulse occurs.

N ) v =
P —‘?——-‘_‘ S AC-D R0

n{t)

Figure 11-19 R lar pulse d

SIGNAL Rw(r) FILTERED SIGNAL

gt ) s o Y TP A S Y o o

Ron® FILTERED NOISE

| A s

SIGNAL PLUS NQISE yit) FILTER QUTPUT

Figure 11-20 Input and output component signals
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Notice that the form or shape of the signal is not preserved by the matched
detector as it was with the Wiener estimator. This is because we designed the filter to
detect the existence of a particular known input signal rather than to estimate its
noise-free shape.

Comparison of the Wiener Estimator
and the Matched Detector

The Wiener estimator and the matched detector are both optimal filters designed to
do specific jobs. It is instructive to compare the two filters. Recall from Eq. (58) that
for uncorrelated signal and noise the Wiener estimator transfer function is given by

S 7 ¢) N
B =55+ PO (13)
and the mean-square error one can expect when using this filter is, from Eq. (65),
= _PA)Ps)
SE, = L 114
MSE, L FOFPO™ a4
If we let ¢ = 1, and 7, = 0, the matched detector transfer function is
_S*s)
K(s) = P (115)
and the signal-to-noise power ratio at its output is ‘
Paurs = f ﬁgg ds (116)

First, notice that while H,(s) is real and even, hence containing no phase informa-
tion, K,(s) is Hermite and does contain phase information. Notice also that H(s) is
bounded between 0 and -+1. This means it can never amplify spectral components of
the input signal. However K (s) has neither positive nor negative bound. Therefore its
frequency domain behavior is much less constrained.

Let us define the signal-to-noise power ratio as a function of frequency by

_1S()E _ B(s)
RO = 1RmF = 7o) i
In terms of this function, the magnitude of the matched detector transfer function is
given by
R(5) ~/ R(s) (118)

and the signal-to-noise ratio by

Pos = | R ds (119)

The Wiener filter transfer function is
’ . _ R 120
[H)| = HL) = 1T re) (120
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and the mean-square error is given by this situation, but they differ somewhat in form. The detector output clearly shows a

= R(s)P.(s) peak at the point where the input pulse occurs. The estimator recovers the pulse frqm
MSE, = f 1+ Ii(s) )] the noise, but not without residual error. The low-frequency components of the noise
: N penetrate the Wiener filter and prevent exact recovery. One would expect better
Comparing Egs. (120) and (121), we see that performance from both filters with improved signal-to-noise ratio, and conversely.
MSE, = [~ P()H(s)ds (22)

A Practical Example
which indicates that the mean-square error is just the noise power that passes

through the filter accumulated over all frequencies.
In a sense, estimation is a more difficult task than detection. There are two
reasons for this. First, we ask an estimator to recover the signal at all points in time,

We conclude this chapter with an example that illustrates how optimal filter theory
can guide the design of practical filters. Figure 11-22 shows a digitized X ray of'a m}?e
filled with X-ray absorbing dye. This models angiography, the diagnostic technique in

whereas we ask the detector only to determine when the signal occurs. Second, we

have more a priori information in a detection problem in that we know the form of the -

signal exactly instead of having only its power spectrum. Since we are asking a detector e )
i to do less with more information, we can expect better performance under the same %
v conditions.

Whether one uses a detector or an estimator is dictated by the problem. Since
they are designed for different jobs, they usually do not compete for consideration.
Nevertheless, it is instructive to compare the behavior of the two filters under similar

“ conditions. Figure 11-21 presents a computer simulation that illustrates both the ‘4
Wiener estimator and the matched detector when the signal is a Gaussian pulse
. embedded in white random noise. In this case, the signal-to-noise ratio is on the order f
P £ uni .
d e of unity. ;
3 Both the estimator [Eq. (113)] and the detector [Eq. (115)] are lowpass filters in
SIGNAL WIENER FILTER
OUTPUT i

SIGNAL + NOISE

" MATCHED FILTER
ouTRUT

igure 11-21 Camparison of the Wiener and matched filters . ~Figure 11-22 Digitized angiogram of a smooth tube
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which dye is injected into blood vessels during X-ray exposure. Here the smooth tube
substitutes for the vessel. The goal in this example is a processing technique that will
find the tube edges in the noisy image of Figure 11-22 and reliably measure tube
diameter all along its length. Such a technique is useful for quantifying the bloog
vessel narrowing which accompanies atherosclerosis and produces heart attacks
(Ref. 7). ’

Since this an edge detection problem, the matched detector scems a naturaj
choice. In this example, however, we shall pose the problem somewhat diffcrenuy
We shall assume the vessel ¢dges occur, on each image line, at the two points 01“
steepest slope,-and locate those by differentiation. Before differentiating, however
i we shall use a Wiener filter to estimate the noise-free image. Furthermore, we shali

process each line individually so that the procedure can respond to rapid changes in
width, should they occur.

Figure 11-23 shows a gray level plot of one line f,(x) from Figure 11-22. The

will reduce the noise by the factor 1/./N. Figure 11-24 shows the result of averaging
60 lines in Figure 11-22, and the resulting signal amplitude spectrum.

Once the signal has been estimated, the noise power spectrum can be estimated
from Figure 11-22 using line by line power spectrum averaging after signal subtraction,
that is

P = 5 S 15Uk — s} (124)

In this study Eq. (124) showed the noise power spectrum to be essentially constant
with frequency (white noise).

200

(o}
. evnd.en.t qoise is common in radiography, due primarily to film grain and photon
551 g statistics in the illuminating beam. Clearly, differentiating this curve would not produce
il reliable peaks at the inflection points. :
%{\ g Assuming uncorrelated signal s(x) and noise n(x), the specification of the Wiener . )
h filter [Eq. (58)] requires the power spectrum of the signal and that of the noise. We
i1 . can .cstxmate the signal power spectrum by line averaging since, with a smooth tube, e
t{ % = all lines f/(x) should be identical in the absence of noise. Thus g 1w
I ; 2 1 N 2
His B =150 ~ |7{3 5 7o) | )
i Il 5
e
i ¥
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i f(x) . (6
§
1! 100 -
S(s)
! B
E i d
; ‘r OAWW \ y
241 o R " 25 mm s 7 T s/
n Figure 11-23 Line 100 from Figure 11-22 Figure11-24 (2) Nolse-free signal eslimate obtained by ine averaging

- yi: in Figure 11-22; (b) Fourier amplitude spectrum of (a)
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Figure 11-25(a) shows the Wiener filter transfer function H,(s) computed by Eq
(58). The transfer function takes on values near unity at the signal dominated low;
frequencies, and tends to zero at high frequencies. We could inverse transform the
transfer function in Figure 11-25(a) to obtain the impulse response for pre-differentia-
tion smoothing. There are, however, some practical considerations worthy of note

The notches in the transfer furiction of Figure 11-25(a) are produced by th'e
zero crossings in the signal spectrum [Figure 11-24(b)]. By the similarity theorem, the
position of these notches will shift with changes in vessel width. This points out that
our signal is not actually an ergodic random process as the Wiener filter development
assumes. The member functions in the signal ensemble correspond to vessels of differ-
ent width and thus do not all have identical power spectra. As it happens, we are
forced to violate one of the assumptions on which the Wiener filter is based. We shall
nevertheless proceed, acting in the belief that a “near-optimal” technique will prove an
adequate substitute for optimality.

If we include the troublesome notches, our filter will be quite sensitive to slight
changes in vessel width. We choose instead to ignore the notches by fitting a smooth
envelope to the transfer function. Figure 11-25(b) shows a smooth approximation
H(s) to the Wiener filter transfer function. This function was chosen because of two
desirable properties. First, it is a reasonable approximation to the envelope of Figure

(a)

1.0
H(s)
o an i
S 2.5 cy/mm
(@)
(b)
1.0
Fie) .
0 ]
2.5 cy/mm

§———

(b)
Figure 11-25 (a) Wiener filter transfer function; (b) Smooth approxi-
mation to (a)
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11-25(a). Second, its impulse response renders digital convolution quite an efficient
computation. ‘

Figure 11-26 shows the corresponding impulse response (x), which is piecewise
parabolic, and its piecewise linear first derivative 7'(x). Since differentiation commutes
with convolution, using the latter function combines smoothing and differentiation
into one step. Furthermore, digital convolution using a piecewise linear impulse
response can be programmed to execute very efficiently (Ref. 8).

2.0 -
(@)
hix)
1.0 +
0 —
ot e
X—— 165 men 5.6 mm
()
0.65 mm
(b)
R
¢ —
. 5.6 mm
1.65 mm
&
Figure 11-26 (a) Impulse response of Figure 11-25(b); (b) Deriva-
tive of (a)

Figure 11-27 shows the results of using the two impulse responses in Figure 11-26
on the image line in Figure 11-23. The first produces smoothing for noise reduction
only while the second combines smoothing with differentiation. In this case the degree
of noise reduction is gratifying. Notice also that the inflection points in the upper
curve give rise to distinct peaks in the lower curve, suggesting that vessel edge detection
is now a simple task. :




b 224 Linear Filtering Part Chapter 11 Filter Design 225
‘ 200 3. The transfer function of such a filter has a zero-frequency response equal to the
difference of the areas under the two component pulses.
3 4. The zero-frequency response of a filter determines how the contrast of large
: features is affected.
i 5. Filters designed for ease of computation rather than for optimal performance
100 are likely to introduce artifacts into an tmage. '
6. An ergodic random process is a signal whose known power spectrum and auto-
correlation function represent all the available knowledge.
7. The Wiener estimator is optimal, in the mean-square error sense, for recovering
a signal of known power spectrum from additive noise.
- 8. The Wiener filter transfer function takes on values near unity in frequency bands
x— 25 mm o of high signal-to-noise ratio and near zero in bands dominated by noise.
‘r &) ' 9. The matched detector is optimal for detecting the occurrence of a known signal
: in a background of additive noise.
( . . . .
ot 10. In the case of white noise, the matched filter correlates the input with the known
. signal. .
E 11. The Wiener filter transfer function is real and even and bounded by zero and
P S \ Vo VaavAY 3 unity. r
X e 25 mm . ) . B
12. The matched filter transfer function is complex and Hermite and in general
0 unbounded.
¥
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