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The Paper that Launched my Gyrokinetics Career

Nonlinear gyrokinetic theory for finite-beta plasmas

T.S. Hahm, W. W. Lee, and A. Brizard
Plasma Physics Laboratory, Princeton University, Princeton, New Jersey 08544

(Received 21 December 1987; accepted 25 March 1988)

A self- i and energy ving set of nonlinear gyrokinetic equations, consisting of
the averaged Vlasov and Maxwell’s equations for finite-beta plasmas, is derived. The method
utilized in the present investigation is based on the Hamiltonian formalism and Lie
transformation. The resulting formulation is valid for arbm'ary values of &, p; and, therefore, is
most suitable for studying linear and nonli 1 of instabilities in tok

plasmas as well as other areas of plasma physics where the finite Larmor radius effects are
important. Because the underlying Hamiltonian structure is preserved in the present
formalism, these ions are directly applicable to numerical studies based on the existing
gyrokinetic particle simulation techniques.
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Recent Progress in Guiding-center & Gyrokinetic Theories

Guiding-center Theory

o Polarization effects in higher-order guiding-center theory
(Brizard & Tronko, 2015 & 2016; Brizard, 2013)

o Variational formulations of guiding-center Vlasov-Maxwell theory
(Brizard & Tronci, 2016)

o Lifting of the Vlasov-Maxwell bracket by Lie-transform method
(Brizard, Morrison, Burby, et al., 2016)

o Monte Carlo implementation of 5D guiding-center collisions
(Hirvijoki, Brizard, et al., 2015)

Gyrokinetic Theory

o Energetically-consistent collisional gyrokinetics
(Burby, Brizard & Qin, 2015)

o Hamiltonian formulation of gyrokinetic theory
(Burby, Brizard, Morrison & Qin, 2015)

o Higher-order gyrokinetic theory (nonlinear polarization)
(Mishchenko & Brizard, 2011)
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I. Higher-order Guiding-center Theory
o Guiding-center polarization

Il. Guiding-center (pre-Gyrokinetic) Vlasov-Maxwell Theory
o Guiding-center angular-momentum conservation law

I1l. Lecture Notes on Gyrokinetic Theory
o Graduate-level textbook to be completed by Fall 2017

IV. Ongoing Work Related to Gyrokinetic Theory
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l. Higher-order Guiding-center Theory

Guiding-center Phase-space Lagrangian (e — e le)
My = (¢ e/c) A -dX + eJ dC — <JQ + pﬁ/zm) dt
o Guiding-center polarization correction: (E V X B) b—>Vxb

. 1 .
A*EA—I—Z[ep”b—62J<R+2VXb>

Guiding-center displacement: p,, = Tg_clx =X = (pg) #0

o Guiding-center polarization (Pfirsch, 1984 & Kaufman, 1986)

e eb  dyX
Tge = € <pgc> - V- (§<pgcpgc>) +oe= ﬁ X th
o Guiding-center magnetization (intrinsic/moving electric-dipole)
e dgcp e dge X ~ py b
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Example: Guiding-center grad-B Polarization

o Ratio of polarization displacement e~ }|(mgc)| to |po] = po

1
—_— B| ~ InB
0 po IVLB| ~ po|VLInB|

o Standard guiding-center ordering po |V InB| < 1

Average P

Position \ \%

Average / Polarization
Displacement

Position

Uy C=> VB Drift Orbit
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Guiding-center Lagrangian Constraint

o Lagrangian constraint on guiding-center transformation

dye X docPoc
g gpg)

dt dt

Guiding-center Hamiltonian (exact to all orders)

2
- m
_2<
2

p
= %+ (JQ+ €V + )

dch + dgC p gc

dch + dgC p gc
dt dt

H. =
8¢ dt dt

m
2

2>
o Hamiltonian (W = JQ2 + - --) or Symplectic (M = pHB+ )

representations

eA P2
Mge = (ec + I'I> -dX+¢€¢J (d¢ — R-dX) — <2m + W) dt
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Guiding-center Toroidal Canonical Momentum

_ € o 1 ~ OX
€ -1 eJ
- T [6 ¢+V-<2mQV¢>} + pybpy — 2eJ b,

Guiding-center transformation: p,. = T 'p, = (Tl p,)

e dgc X dgcp Ogc X Ogcp
¢ = — — T gc gchge \ | gc gcPgc
Pes ec &° Ym ( i dt ) < Op * Do

o Exact (and faithful) guiding-center conservation law

_ dgcp, e/
Ppge = Pgep — %:Tgc (dtw =0
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Il. Guiding-center (pre-Gyrokinetic) Vlasov-Maxwell

Theory: No background-fluctuation separation

Guiding-center Lagrangian (lowest order; p = orbit label)

2
N p
Le = (SA+pb) X - (2” —I—uB+e¢>

m

2
= ‘Arx— | yeo
c 2m

o Guiding-center Euler-Lagrange equations
(E* = —Vo* — ¢ 19,A*, B* =V x A¥)

PIB" ]
X=—_—+EFE"X— and pj=eE"- —
m B\T + X B\T and p| = e B|T
o Guiding-center magnetization
OlLge ob B
0B ~ Plog’ X T Mog T Hue
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Guiding-center Vlasov-Maxwell Equations

Guiding-center (Low) Lagrange Variational Principle
d3x dt
AL = /Lgc Fod*zy dudt + / o (|E|2 - \3\2)

o Guiding-center Vlasov equation (Fo d*zdu = F, d*zdu)

_ OF, 0 [.o.\ _
F“:jgcf“%WJraza(ZF“)_o

o Guiding-center Maxwell equations

OLg.
V-E = 471 05 = _47r/8<i,:“ dpy du
10E 47
VXB—EE = ?(ch'f‘CVXMgC)

oL oL
471'/ [ 8§C F,+V X (aéc FM>:| dp” du
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Guiding-center Euler Variational Principle

Guiding-center Euler variational principle in extended
guiding-center phase space Z¢ = (X, p, w, t)

d*x
E _ _ 6 2 2
Agc = /]iﬂ-[d Zdu + / - <|E| |B| )

o Extended Vlasov phase-space density
Fu = Fué(w—Hg) and H = Hge — w
o Eulerian Hamiltonian variation — intrinsic magnetization

SH = esd* = 6P + ub-sB
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Guiding-center Eulerian Variation Constraint

Guiding-center Eulerian Vlasov variation
_ € * * * * *
6F, = <oA - (B {X. Fu/Bi} | + 0B} F./B;
gc
+B; {ss, ]—“M/Bﬂ‘}gc

o Eulerian magnetic variations — moving electric-dipole

€ 5nr = sAtp 0B 2
C C

" oB
Guiding-center Vlasov constraint
0
67 _ — a
/5.FMdZ =0 — 0F, = 97a (./’- 52)

o Guiding-center phase-space virtual displacement

67% = {88, 2%) s + (/) SA" - {X, 2%}
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Guiding-center Noether Equation

Guiding-center Noether equation

B 0 00T
0Lge = — <5tat+6x-V) Ly = a0 T V.or
o Noether components (H = B — 47 M)
E-J/A
o = /58 Fu dp”dudw —
4mc
. 1
or = /cssaxdp”cmdw—47r (€ + oA X H)

Energy-momentum conservation law (dx = A-0x — ¢ dt)

0S = ;A*-éx — wit = P-dx — wit

6® = O6x-E 4+ ¢ 1asy/ot
0A = cdtE + 0xxB — Viy

Alain Brizard: Recent Progress in Gyrokinetic Theory A Symposium in Honor of Wei-li Lee



Guiding-center energy conservation law

Guiding-center energy conservation law

s
ot

+ V:S, =0

o Guiding-center energy density (Ky. = B + pﬁ/Qm)
g = /Fﬂ Kee dpy dp + 8% <\E\2 + ]B]2>

o Guiding-center energy-density flux

- C
Sgc = /FH KgCXdp”d,u + EEXH
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Guiding-center momentum conservation law

Guiding-center momentum conservation law
OPge

ot
o Guiding-center momentum density

=~ ExB
ch = /prﬂdp” d,u + 47 C

+V-Te =0

o Symmetric guiding-center stress tensor Tge = Ty + Tgev
| 1
Tv = <E2 Bz>———(EE BB)
M [E[ + IB] 8r  4n +
Tgev = PCGL+/ (XJ_ pyb+pyb XJ.) Fudp)du

o CGL pressure tensor

2
. p” o~ PN
PCGL:/ [mbb+ n: (l—bb)] F. dp| dy
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Guiding-center toroidal angular momentum

conservation law

o Toroidal covariant component Py, = Py 0x/0¢

OPgop Ox Ox T
— | = Tee =0
TR < 8@) v <6<P>
Symmetric guiding-center stress tensor
T = Tee

o Guiding-center stress tensor Ty, was previously only assumed
to be symmetric (e.g., Similon 1985).

o Guiding-center polarization is crucial in establishing symmetry

Tgev = PCGL"‘/(XL P||E+ |D||B XJ.) F.dpydp
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l1l. Lecture Notes on Gyrokinetic Theory

Two-week course on gyrokinetic theory (LANL 2013)
o Over 450 slides with references (pdf copy available upon request)

Lectures on Gyrokinetic Theory

Alain J. Brizard
Saint Michael’s College, USA

Los Alamos National Laboratory, Los Alamos (New Mexico)

July 22 - August 2, 2013
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Tentative Table of Contents (expected length 500 pages)

Chapter 1. Physical Foundations of Reduced Plasma Dynamics
Chapter 2. Foundations of Reduced Plasma Dynamics
Chapter 3. Oscillation-Center Vlasov-Maxwell Theory

Chapter 4. Guiding-Center Vlasov-Maxwell Theory

Chapter 5. Gyrokinetic Vlasov-Maxwell Theory

Chapter 6. Advanced Topics in Gyrokinetic Theory

Chapter 7. Summary and Open Questions

Appendix A. Mathematical Foundations of Classical Mechanics
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IV. Ongoing Work Related to Gyrokinetic Theory

Linear and Nonlinear Hybrid kinetic-MHD Variational
Principles for Energetic lons & Electrons (APS-DPP 2016)

o Physical nature of current-coupling and pressure-coupling
formulations: Particle versus Reduced Vlasov-Maxwell equations

o Resonant three-wave interactions in kineticc-MHD models
described by Manley-Rowe relations (involving wave action)

Geometric Methods in Gyrokinetic Theory (APS-DPP 2016)
o Gyrokinetic Hamiltonian field theory (with Morrison & Burby)

o Functional Lie-transform field perturbation theory
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