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Amplitude grows as
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TA B L E I. Cancellations in the ( n , n ) ! ( n , n ) 5 D O T amplitude, where ✓ is the center- of- mass scattering ang le and (c n ✓, s n ✓) =

(cos n ✓, sin n ✓).

expand the diagrams and total matrix element in s, and
label the coe�cients like so:

M(s, ✓) ⌘
X

�2Z
M

(�)
(✓) · s� (51)

In this paper, we will demonstrate that M
(�)

vanishes
for � > 1 and present the residual linear term in s.

V . CA N CE L L A T I O N S A N D H I G H E N E RG Y
G RO W T H O F A M P L I T U D E S

A . Cancellations in the orb if olded torus model

We first analyze the cancellations in the orbifolded
torus. While we have calculated all arbitrary scatter-
ing states, we present the ( n , n ) ! ( n , n ) process due to
the relative simplicity. The full matrix element is,

M
(5DO T )
(n , n )!(n , n ) = M c o n t a c t +M r a d i o n +M 0 +M2n (52)

The principle results were presented in [ ] , here we ex-
pand and provide some additional details of the calcula-
tion. For the process ( n , n ) ! ( n , n ), we summarize the
growth and cancellation of amplitudes at every order in
s
�, starting from � = 5. Due to the K K number con-
servation for the 5DO T, the intermediate states for the
non-contact diagrams can only be a massive 2n state and
the massless graviton(0 state). In Table I we present the
growth of matrix elements for each diagram for the scat-
tering of longitudinal helicity modes. As expected, we
observe that the contact, as well as diagrams with mas-
sive intermediate propagator and the masless graviton
grow like s

5 as the highest power. H owever the diagram
with a radion intermediate state appears only at O(s 3 ).
N ote that the results for the massive intermediate prop-
agator 2n and the massless graviton are presented after
summing up the s, t and u channel diagrams. At O(s5)
and O(s4), the contact diagrams along with the massive
2n state and the massless graviton state cancel each other
out. The underlying reason for this due to a 4D di↵eo-
morphism invariance being part of the full 5D di↵eomor-
phism. This feature will be clearer when we discuss the
sum rules for cancellation. At order s

3 and s
2 however,

the massless radion plays an important role in the cancel-
lation, which will be elucidated in more detail within the

context of sum rules. In Fig. 2, we present the pattern
of cancellations at every order in s

�, for all phase space
points between (�⇡,⇡) for the scattering of K K states
(2, 2) ! (2, 2). We observe that although the angular
distributions for various individual diagrams are quite
di↵erent, the cancellations between various diagrams is
exact for every phase space point. N otice that the radion
plays a significant role in the cancellations from O(s 3 ).
This cancellation is therefore extremely intricate, and re-
quires a subtle conspiracy between various field degrees
of freedom of the underlying 5D theory. Any calculation
that does not take into account the full field content and
all possible diagrams will encounter a high energy growth
greater than O(s), which is misleading and incorrect.

The only non-zero contribution therefore appears at
O(s). In general, for a process (k, l ) ! ( m , n ) in the
5DO T model,

M
(1)

=
x kl m n 

2

256⇡rc
[ 7 + cos(2✓)] csc2 ✓ (53)

where x kl m n is fully symmetric in its indices, ✓ being the
scatering angle and satisfies

x a a a a = 3, x a a b b = 2, and x a b cd = 1

when discrete K K momentum is conserved, and vanishes
when it is not. For the ( n , n ) ! ( n , n ) scattering there-
fore, we have,

M
(1)(✓) =

32

256⇡rc
[ 7 + cos(2✓)] csc2 ✓ (54)

Since 
2
/(⇡rc) = 8/M2

P l
, the amplitude grows as s/M2

P l

as expected. More importantly, for scattering of ( n , n ) !
( n , n ) states, if we truncate the theory below 2n, the
amplitude will grow as s5, in the absence of the state 2n .
Thus the cut-o↵ scale for this theory is ⇤5, and not ⇤ 3 ,
as suggested in [ ] .

Processes like (1, 4) ! (2, 3) are particularly nice
because discrete K K momentum conservation forbids a
massless intermediate, such that the full matrix element
is devoid of t- and u-channel singularities. For these, we
can directly compute the appropriately normalized par-
tial wave amplitude,

a
J

� a � b !�c� d
=

1

32⇡2

Z
d⌦ D

J

� i � f
(✓,�)M a � b !�c� d

(s, ✓,�) ,

(55)

If truncated below 2n : 
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Einstein Frame

Invariance

z (y)=0 (UV  brane), z= zc    (IR brane)  : z is loosely an RG parameter 
UV and IR branes break conformal invariance explicitly 
RS2 -> Send IR brane to infinity

Low energy cut o! parametrically lower than MPl  

s5 s4 s3 s2

Mcontact !!2r7c [7+c2!]s
2
!

3072n8"
!2r5c [63!196c2!+5c4!]
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!!2rc[5+47c2!]
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2
!

64n4"
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Sum 0 0 0 0

TABLE I. Cancellations in the (n, n) " (n, n) 5DOT amplitude, where ! is the center-of-mass

scattering angle and (cn#, sn#) = (cosn!, sinn!).

Bulk and brane cosmological constants are added to the action to ensure the e!ective 4D

background remains flat.5 The following RS1 metric generalizes the earlier 5DOT metric

(which is recovered by taking krc ! 0 with finite rc) [30]

GMN =

!

"#
e!2(k|y|+û)

$
!µ! + "ĥµ!

%
0

0 !(1 + 2û)2

&

'(

û " "r̂

2
#
6
e+k(2|y|!"rc) . (7)

and is similarly canonical by construction. The new parameter k has dimensions of mass

and determines the curvature of the internal AdS5 space.

In the ‘large krc limit’ (krc ! 5), the KKmode masses equalmn = kxne
!krc", where xn are

zeroes of the Bessel function of the first kind. The location of the IR (TeV) brane determines

an emergent scale "" " MPle
!krc" that controls the radion and KK mode coupling strengths.

"" is exponentially suppressed relative to the 4D Planck scale that determines graviton

couplings (M2
Pl = M3

5/k at large krc). As we will show directly massive spin-2 scattering

amplitudes in RS1 are suppressed by "".

Computing massive spin-2 scattering amplitudes in RS1 proceeds much like in the 5DOT,

but with fewer conveniences (e.g., see [31]). Since the internal space is curved, the harmonic

functions are related to Bessel functions, but the resulting spectrum is similar to that of the

5DOT: a massless radion and graviton, and a tower of massive spin-2 KK states labeled by

the number of nodes across the internal space. However, in RS1 there is no analog of KK

momentum conservation, and so there are nonzero 3- and 4-point interactions between almost

5
Here we address 5D gravity and ignore matter.
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 Massive Spin-2 particles, Fierz-Pauli Theory and beyond
The rest of the paper is organized as follows: Details of the organization

2 A strong coupling scale for massive gravity in 4-dimensions

We briefly discuss the strong coupling scales in the Fierz Pauli theory. The Fierz

Pauli theory is constructed by adding a ghost free Lorentz invariant mass term of

the form,

SG =

Z
d4x

p
gR +m2((hµ⌫)

2 � h2). (2.1)

Here we have expanded the metric in the weak field approximation with a flat

Minkowski background. The mass terms break di↵eomorphism invaiance and prop-

agates longitudinal polarization modes. The estimation of the growth of scattering

amplitudes in this theory can be most easily studied by restoring the gauge invari-

ance using the Stückelberg formalism. Schematically, restoring the gauge invariance

involves introducing a vector field Aµ, with two transverse degrees of freedom and

a scalar � with one degree of freedom. This is e↵ectively therefore the addition of

Goldstone bosons, and using the equivalence theorem to estimate the high energy

scattering amplitudes. Using canonically normalize the fields as A0 = 1
2mMPA,�0 =

1
2m

2MP�, h0 = 1
2MPh, expansion of the Ricci scalar, the determinant of the matrix

and the inverse of the metric in Einstein-Hilbert term gives a slew of interaction

terms. It can be observed that � always appears with two derivatives, A appears

with one derivative, and h appears with no derivatives. A generic interaction term

with nh powers of the tensor, nA powers of the vector and n� powers of the scalar

can be written as,

⇠ m2M2
P (@A

0)nA(@2�0)n�(h0
µ⌫)

nh = (⇤�)
4�nh�2nA�3n�h0nh(@A0)nA(@2�0)n� (2.2)

The coe�cient ⇤� is the scale of the e↵ective theory, and is given by,

⇤� = (MPm
��1)1/�, � =

3n� + 2nA + nh � 4

n� + nA + nh � 2
(2.3)

For interaction terms, we need terms n� + nA + nh � 3. The smallest term is the

scalar cubic with n� = 3, nA = nh = 0, and therefore the lowest scale suppressing

term is,
(@2�)3

⇤5
5

, ⇤5 = (MPm
4)1/5 (2.4)

This suggests that the scattering amplitude of a theroy with a single massive graviton

should grow with energy like s5. This scaling, known as the ⇤5 theory, can be

– 3 –

SG =

Z
d4x

p
gR

p
gR

p
gR +m2((hµ⌫)

2 � h2)Fierz-Pauli theory FP tuning to avoid propagating ghost degrees 
of freedom,  

Ostrogradsky theorem

D.O.F counting in d dimensions for the massless graviton 

the same argument applies exactly and the Einstein–Hilbert term appears naturally as the unique
kinetic term free of any ghost-like instability. This is possible thanks to a symmetry which projects
out all unwanted dofs, namely di↵eomorphism invariance (linear di↵s at the linearized level, and
non-linear di↵s/general covariance at the non-linear level).

2.2.1 Einstein–Hilbert kinetic term

We consider a symmetric Lorentz tensor field hµ⌫ . The kinetic term can be decomposed into four
possible local contributions (assuming Lorentz invariance and ignoring terms which are equivalent
upon integration by parts):

Lspin�2
kin =

1

2
@↵hµ⌫

�
b1@↵hµ⌫ + 2b2@(µh⌫)↵ + b3@↵h⌘µ⌫ + 2b4@(µh⌘⌫)↵

�
, (2.32)

where b1,2,3,4 are dimensionless coe�cients which are to be determined in the same way as for the
vector field. We split the 10 components of the symmetric tensor field hµ⌫ into a transverse tensor
hT

µ⌫
(which carries 6 components) and a vector field �µ (which carries 4 components),

hµ⌫ = hT

µ⌫
+ 2@(µ�⌫) . (2.33)

Just as in the case of the spin-1 field, an arbitrary kinetic term of the form (2.32) with untuned
coe�cients bi would contain higher derivatives for �µ which in turn would imply a ghost. As we
shall see below, avoiding a ghost within the kinetic term automatically leads to gauge-invariance.
After substitution of hµ⌫ in terms of hT

µ⌫
and �µ, the potentially dangerous parts are

Lspin�2
kin � (b1 + b2)�

µ22�µ + (b1 + 3b2 + 2b3 + 4b4)�
µ2@µ@⌫�

⌫ (2.34)

�2hTµ⌫
�
(b2 + b4)@µ@⌫@↵�

↵ + (b1 + b2)@µ2�µ

+ (b3 + b4)2@↵�
↵ ⌘µ⌫

�
.

Preventing these higher derivative terms from arising sets

b4 = �b3 = �b2 = b1 , (2.35)

or in other words, the unique (local and Lorentz-invariant) kinetic term one can write for a spin-2
field is the Einstein–Hilbert term

Lspin�2
kin = �1

4
hµ⌫ Ê↵�

µ⌫
h↵� = �1

4
hTµ⌫ Ê↵�

µ⌫
hT

↵�
, (2.36)

where Ê is the Lichnerowicz operator

Ê↵�

µ⌫
h↵� = �1

2

⇣
2hµ⌫ � 2@(µ@↵h

↵

⌫) + @µ@⌫h� ⌘µ⌫(2h� @↵@�h
↵�)

⌘
, (2.37)

and we have set b1 = �1/4 to follow standard conventions. As a result, the kinetic term for the
tensor field hµ⌫ is invariant under the following gauge transformation,

hµ⌫ ! hµ⌫ + @(µ⇠⌫) . (2.38)

We emphasize that the form of the kinetic term and its gauge invariance is independent on whether
or not the tensor field has a mass, (as long as we restrict ourselves to a local and Lorentz-invariant
kinetic term). However just as in the case of a massive vector field, this gauge invariance cannot
be maintained by a mass term or any other self-interacting potential. So only in the massless case,
does this symmetry remain exact. Out of the 10 components of a tensor field, the gauge symmetry
removes 2⇥4 = 8 of them, leaving a massless tensor field with only two propagating dofs as is well
known from the propagation of gravitational waves in four dimensions.

In d � 3 spacetime dimensions, gravitational waves have d(d+1)/2�2d = d(d�3)/2 independent
polarizations. This means that in three dimensions there are no gravitational waves and in five
dimensions they have five independent polarizations.
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with nh powers of the tensor, nA powers of the vector and n� powers of the scalar

can be written as,
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This suggests that the scattering amplitude of a theroy with a single massive graviton

should grow with energy like s5. This scaling, known as the ⇤5 theory, can be
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Massless GR : 

the same argument applies exactly and the Einstein–Hilbert term appears naturally as the unique
kinetic term free of any ghost-like instability. This is possible thanks to a symmetry which projects
out all unwanted dofs, namely di↵eomorphism invariance (linear di↵s at the linearized level, and
non-linear di↵s/general covariance at the non-linear level).

2.2.1 Einstein–Hilbert kinetic term

We consider a symmetric Lorentz tensor field hµ⌫ . The kinetic term can be decomposed into four
possible local contributions (assuming Lorentz invariance and ignoring terms which are equivalent
upon integration by parts):
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where b1,2,3,4 are dimensionless coe�cients which are to be determined in the same way as for the
vector field. We split the 10 components of the symmetric tensor field hµ⌫ into a transverse tensor
hT

µ⌫
(which carries 6 components) and a vector field �µ (which carries 4 components),

hµ⌫ = hT

µ⌫
+ 2@(µ�⌫) . (2.33)

Just as in the case of the spin-1 field, an arbitrary kinetic term of the form (2.32) with untuned
coe�cients bi would contain higher derivatives for �µ which in turn would imply a ghost. As we
shall see below, avoiding a ghost within the kinetic term automatically leads to gauge-invariance.
After substitution of hµ⌫ in terms of hT

µ⌫
and �µ, the potentially dangerous parts are
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Preventing these higher derivative terms from arising sets

b4 = �b3 = �b2 = b1 , (2.35)

or in other words, the unique (local and Lorentz-invariant) kinetic term one can write for a spin-2
field is the Einstein–Hilbert term
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where Ê is the Lichnerowicz operator
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and we have set b1 = �1/4 to follow standard conventions. As a result, the kinetic term for the
tensor field hµ⌫ is invariant under the following gauge transformation,

hµ⌫ ! hµ⌫ + @(µ⇠⌫) . (2.38)

We emphasize that the form of the kinetic term and its gauge invariance is independent on whether
or not the tensor field has a mass, (as long as we restrict ourselves to a local and Lorentz-invariant
kinetic term). However just as in the case of a massive vector field, this gauge invariance cannot
be maintained by a mass term or any other self-interacting potential. So only in the massless case,
does this symmetry remain exact. Out of the 10 components of a tensor field, the gauge symmetry
removes 2⇥4 = 8 of them, leaving a massless tensor field with only two propagating dofs as is well
known from the propagation of gravitational waves in four dimensions.

In d � 3 spacetime dimensions, gravitational waves have d(d+1)/2�2d = d(d�3)/2 independent
polarizations. This means that in three dimensions there are no gravitational waves and in five
dimensions they have five independent polarizations.
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where Ê is the Lichnerowicz operator
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and we have set b1 = �1/4 to follow standard conventions. As a result, the kinetic term for the
tensor field hµ⌫ is invariant under the following gauge transformation,

hµ⌫ ! hµ⌫ + @(µ⇠⌫) . (2.38)

We emphasize that the form of the kinetic term and its gauge invariance is independent on whether
or not the tensor field has a mass, (as long as we restrict ourselves to a local and Lorentz-invariant
kinetic term). However just as in the case of a massive vector field, this gauge invariance cannot
be maintained by a mass term or any other self-interacting potential. So only in the massless case,
does this symmetry remain exact. Out of the 10 components of a tensor field, the gauge symmetry
removes 2⇥4 = 8 of them, leaving a massless tensor field with only two propagating dofs as is well
known from the propagation of gravitational waves in four dimensions.

In d � 3 spacetime dimensions, gravitational waves have d(d+1)/2�2d = d(d�3)/2 independent
polarizations. This means that in three dimensions there are no gravitational waves and in five
dimensions they have five independent polarizations.
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where Ê is the Lichnerowicz operator
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This suggests that the scattering amplitude of a theroy with a single massive graviton

should grow with energy like s5. This scaling, known as the ⇤5 theory, can be

– 3 –

Massless GR : 

the same argument applies exactly and the Einstein–Hilbert term appears naturally as the unique
kinetic term free of any ghost-like instability. This is possible thanks to a symmetry which projects
out all unwanted dofs, namely di↵eomorphism invariance (linear di↵s at the linearized level, and
non-linear di↵s/general covariance at the non-linear level).

2.2.1 Einstein–Hilbert kinetic term

We consider a symmetric Lorentz tensor field hµ⌫ . The kinetic term can be decomposed into four
possible local contributions (assuming Lorentz invariance and ignoring terms which are equivalent
upon integration by parts):

Lspin�2
kin =

1

2
@↵hµ⌫

�
b1@↵hµ⌫ + 2b2@(µh⌫)↵ + b3@↵h⌘µ⌫ + 2b4@(µh⌘⌫)↵

�
, (2.32)

where b1,2,3,4 are dimensionless coe�cients which are to be determined in the same way as for the
vector field. We split the 10 components of the symmetric tensor field hµ⌫ into a transverse tensor
hT

µ⌫
(which carries 6 components) and a vector field �µ (which carries 4 components),

hµ⌫ = hT

µ⌫
+ 2@(µ�⌫) . (2.33)

Just as in the case of the spin-1 field, an arbitrary kinetic term of the form (2.32) with untuned
coe�cients bi would contain higher derivatives for �µ which in turn would imply a ghost. As we
shall see below, avoiding a ghost within the kinetic term automatically leads to gauge-invariance.
After substitution of hµ⌫ in terms of hT

µ⌫
and �µ, the potentially dangerous parts are

Lspin�2
kin � (b1 + b2)�

µ22�µ + (b1 + 3b2 + 2b3 + 4b4)�
µ2@µ@⌫�

⌫ (2.34)
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↵ ⌘µ⌫

�
.

Preventing these higher derivative terms from arising sets

b4 = �b3 = �b2 = b1 , (2.35)

or in other words, the unique (local and Lorentz-invariant) kinetic term one can write for a spin-2
field is the Einstein–Hilbert term

Lspin�2
kin = �1

4
hµ⌫ Ê↵�

µ⌫
h↵� = �1

4
hTµ⌫ Ê↵�

µ⌫
hT

↵�
, (2.36)

where Ê is the Lichnerowicz operator

Ê↵�

µ⌫
h↵� = �1

2

⇣
2hµ⌫ � 2@(µ@↵h

↵

⌫) + @µ@⌫h� ⌘µ⌫(2h� @↵@�h
↵�)

⌘
, (2.37)

and we have set b1 = �1/4 to follow standard conventions. As a result, the kinetic term for the
tensor field hµ⌫ is invariant under the following gauge transformation,

hµ⌫ ! hµ⌫ + @(µ⇠⌫) . (2.38)

We emphasize that the form of the kinetic term and its gauge invariance is independent on whether
or not the tensor field has a mass, (as long as we restrict ourselves to a local and Lorentz-invariant
kinetic term). However just as in the case of a massive vector field, this gauge invariance cannot
be maintained by a mass term or any other self-interacting potential. So only in the massless case,
does this symmetry remain exact. Out of the 10 components of a tensor field, the gauge symmetry
removes 2⇥4 = 8 of them, leaving a massless tensor field with only two propagating dofs as is well
known from the propagation of gravitational waves in four dimensions.

In d � 3 spacetime dimensions, gravitational waves have d(d+1)/2�2d = d(d�3)/2 independent
polarizations. This means that in three dimensions there are no gravitational waves and in five
dimensions they have five independent polarizations.
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 Massive Spin-2 particles, Fierz-Pauli Theory and beyond
The rest of the paper is organized as follows: Details of the organization

2 A strong coupling scale for massive gravity in 4-dimensions

We briefly discuss the strong coupling scales in the Fierz Pauli theory. The Fierz

Pauli theory is constructed by adding a ghost free Lorentz invariant mass term of

the form,

SG =

Z
d4x

p
gR +m2((hµ⌫)

2 � h2). (2.1)

Here we have expanded the metric in the weak field approximation with a flat

Minkowski background. The mass terms break di↵eomorphism invaiance and prop-

agates longitudinal polarization modes. The estimation of the growth of scattering

amplitudes in this theory can be most easily studied by restoring the gauge invari-

ance using the Stückelberg formalism. Schematically, restoring the gauge invariance

involves introducing a vector field Aµ, with two transverse degrees of freedom and

a scalar � with one degree of freedom. This is e↵ectively therefore the addition of

Goldstone bosons, and using the equivalence theorem to estimate the high energy

scattering amplitudes. Using canonically normalize the fields as A0 = 1
2mMPA,�0 =

1
2m

2MP�, h0 = 1
2MPh, expansion of the Ricci scalar, the determinant of the matrix

and the inverse of the metric in Einstein-Hilbert term gives a slew of interaction

terms. It can be observed that � always appears with two derivatives, A appears

with one derivative, and h appears with no derivatives. A generic interaction term

with nh powers of the tensor, nA powers of the vector and n� powers of the scalar

can be written as,

⇠ m2M2
P (@A

0)nA(@2�0)n�(h0
µ⌫)

nh = (⇤�)
4�nh�2nA�3n�h0nh(@A0)nA(@2�0)n� (2.2)

The coe�cient ⇤� is the scale of the e↵ective theory, and is given by,

⇤� = (MPm
��1)1/�, � =

3n� + 2nA + nh � 4

n� + nA + nh � 2
(2.3)

For interaction terms, we need terms n� + nA + nh � 3. The smallest term is the

scalar cubic with n� = 3, nA = nh = 0, and therefore the lowest scale suppressing

term is,
(@2�)3

⇤5
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4)1/5 (2.4)

This suggests that the scattering amplitude of a theroy with a single massive graviton

should grow with energy like s5. This scaling, known as the ⇤5 theory, can be
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2 � h2)Fierz-Pauli theory FP tuning to avoid propagating ghost degrees 
of freedom,  

Ostrogradsky theorem

D.O.F counting in d dimensions for the massless graviton 

the same argument applies exactly and the Einstein–Hilbert term appears naturally as the unique
kinetic term free of any ghost-like instability. This is possible thanks to a symmetry which projects
out all unwanted dofs, namely di↵eomorphism invariance (linear di↵s at the linearized level, and
non-linear di↵s/general covariance at the non-linear level).

2.2.1 Einstein–Hilbert kinetic term

We consider a symmetric Lorentz tensor field hµ⌫ . The kinetic term can be decomposed into four
possible local contributions (assuming Lorentz invariance and ignoring terms which are equivalent
upon integration by parts):
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kin =
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, (2.32)

where b1,2,3,4 are dimensionless coe�cients which are to be determined in the same way as for the
vector field. We split the 10 components of the symmetric tensor field hµ⌫ into a transverse tensor
hT

µ⌫
(which carries 6 components) and a vector field �µ (which carries 4 components),

hµ⌫ = hT

µ⌫
+ 2@(µ�⌫) . (2.33)

Just as in the case of the spin-1 field, an arbitrary kinetic term of the form (2.32) with untuned
coe�cients bi would contain higher derivatives for �µ which in turn would imply a ghost. As we
shall see below, avoiding a ghost within the kinetic term automatically leads to gauge-invariance.
After substitution of hµ⌫ in terms of hT

µ⌫
and �µ, the potentially dangerous parts are

Lspin�2
kin � (b1 + b2)�

µ22�µ + (b1 + 3b2 + 2b3 + 4b4)�
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⌫ (2.34)
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↵ ⌘µ⌫
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.

Preventing these higher derivative terms from arising sets

b4 = �b3 = �b2 = b1 , (2.35)

or in other words, the unique (local and Lorentz-invariant) kinetic term one can write for a spin-2
field is the Einstein–Hilbert term

Lspin�2
kin = �1

4
hµ⌫ Ê↵�

µ⌫
h↵� = �1

4
hTµ⌫ Ê↵�

µ⌫
hT
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, (2.36)

where Ê is the Lichnerowicz operator

Ê↵�

µ⌫
h↵� = �1

2

⇣
2hµ⌫ � 2@(µ@↵h

↵

⌫) + @µ@⌫h� ⌘µ⌫(2h� @↵@�h
↵�)
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, (2.37)

and we have set b1 = �1/4 to follow standard conventions. As a result, the kinetic term for the
tensor field hµ⌫ is invariant under the following gauge transformation,

hµ⌫ ! hµ⌫ + @(µ⇠⌫) . (2.38)

We emphasize that the form of the kinetic term and its gauge invariance is independent on whether
or not the tensor field has a mass, (as long as we restrict ourselves to a local and Lorentz-invariant
kinetic term). However just as in the case of a massive vector field, this gauge invariance cannot
be maintained by a mass term or any other self-interacting potential. So only in the massless case,
does this symmetry remain exact. Out of the 10 components of a tensor field, the gauge symmetry
removes 2⇥4 = 8 of them, leaving a massless tensor field with only two propagating dofs as is well
known from the propagation of gravitational waves in four dimensions.

In d � 3 spacetime dimensions, gravitational waves have d(d+1)/2�2d = d(d�3)/2 independent
polarizations. This means that in three dimensions there are no gravitational waves and in five
dimensions they have five independent polarizations.
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⇤� = (MPm
��1)1/�, � =
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(2.3)

For interaction terms, we need terms n� + nA + nh � 3. The smallest term is the

scalar cubic with n� = 3, nA = nh = 0, and therefore the lowest scale suppressing

term is,
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This suggests that the scattering amplitude of a theroy with a single massive graviton

should grow with energy like s5. This scaling, known as the ⇤5 theory, can be
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Massless GR : 

the same argument applies exactly and the Einstein–Hilbert term appears naturally as the unique
kinetic term free of any ghost-like instability. This is possible thanks to a symmetry which projects
out all unwanted dofs, namely di↵eomorphism invariance (linear di↵s at the linearized level, and
non-linear di↵s/general covariance at the non-linear level).

2.2.1 Einstein–Hilbert kinetic term

We consider a symmetric Lorentz tensor field hµ⌫ . The kinetic term can be decomposed into four
possible local contributions (assuming Lorentz invariance and ignoring terms which are equivalent
upon integration by parts):

Lspin�2
kin =
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b1@↵hµ⌫ + 2b2@(µh⌫)↵ + b3@↵h⌘µ⌫ + 2b4@(µh⌘⌫)↵
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, (2.32)

where b1,2,3,4 are dimensionless coe�cients which are to be determined in the same way as for the
vector field. We split the 10 components of the symmetric tensor field hµ⌫ into a transverse tensor
hT

µ⌫
(which carries 6 components) and a vector field �µ (which carries 4 components),

hµ⌫ = hT

µ⌫
+ 2@(µ�⌫) . (2.33)

Just as in the case of the spin-1 field, an arbitrary kinetic term of the form (2.32) with untuned
coe�cients bi would contain higher derivatives for �µ which in turn would imply a ghost. As we
shall see below, avoiding a ghost within the kinetic term automatically leads to gauge-invariance.
After substitution of hµ⌫ in terms of hT

µ⌫
and �µ, the potentially dangerous parts are

Lspin�2
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µ2@µ@⌫�

⌫ (2.34)
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Preventing these higher derivative terms from arising sets

b4 = �b3 = �b2 = b1 , (2.35)

or in other words, the unique (local and Lorentz-invariant) kinetic term one can write for a spin-2
field is the Einstein–Hilbert term

Lspin�2
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4
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where Ê is the Lichnerowicz operator

Ê↵�

µ⌫
h↵� = �1

2

⇣
2hµ⌫ � 2@(µ@↵h

↵

⌫) + @µ@⌫h� ⌘µ⌫(2h� @↵@�h
↵�)

⌘
, (2.37)

and we have set b1 = �1/4 to follow standard conventions. As a result, the kinetic term for the
tensor field hµ⌫ is invariant under the following gauge transformation,

hµ⌫ ! hµ⌫ + @(µ⇠⌫) . (2.38)

We emphasize that the form of the kinetic term and its gauge invariance is independent on whether
or not the tensor field has a mass, (as long as we restrict ourselves to a local and Lorentz-invariant
kinetic term). However just as in the case of a massive vector field, this gauge invariance cannot
be maintained by a mass term or any other self-interacting potential. So only in the massless case,
does this symmetry remain exact. Out of the 10 components of a tensor field, the gauge symmetry
removes 2⇥4 = 8 of them, leaving a massless tensor field with only two propagating dofs as is well
known from the propagation of gravitational waves in four dimensions.

In d � 3 spacetime dimensions, gravitational waves have d(d+1)/2�2d = d(d�3)/2 independent
polarizations. This means that in three dimensions there are no gravitational waves and in five
dimensions they have five independent polarizations.
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the same argument applies exactly and the Einstein–Hilbert term appears naturally as the unique
kinetic term free of any ghost-like instability. This is possible thanks to a symmetry which projects
out all unwanted dofs, namely di↵eomorphism invariance (linear di↵s at the linearized level, and
non-linear di↵s/general covariance at the non-linear level).

2.2.1 Einstein–Hilbert kinetic term

We consider a symmetric Lorentz tensor field hµ⌫ . The kinetic term can be decomposed into four
possible local contributions (assuming Lorentz invariance and ignoring terms which are equivalent
upon integration by parts):
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where b1,2,3,4 are dimensionless coe�cients which are to be determined in the same way as for the
vector field. We split the 10 components of the symmetric tensor field hµ⌫ into a transverse tensor
hT

µ⌫
(which carries 6 components) and a vector field �µ (which carries 4 components),

hµ⌫ = hT

µ⌫
+ 2@(µ�⌫) . (2.33)

Just as in the case of the spin-1 field, an arbitrary kinetic term of the form (2.32) with untuned
coe�cients bi would contain higher derivatives for �µ which in turn would imply a ghost. As we
shall see below, avoiding a ghost within the kinetic term automatically leads to gauge-invariance.
After substitution of hµ⌫ in terms of hT
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Preventing these higher derivative terms from arising sets

b4 = �b3 = �b2 = b1 , (2.35)
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and we have set b1 = �1/4 to follow standard conventions. As a result, the kinetic term for the
tensor field hµ⌫ is invariant under the following gauge transformation,

hµ⌫ ! hµ⌫ + @(µ⇠⌫) . (2.38)

We emphasize that the form of the kinetic term and its gauge invariance is independent on whether
or not the tensor field has a mass, (as long as we restrict ourselves to a local and Lorentz-invariant
kinetic term). However just as in the case of a massive vector field, this gauge invariance cannot
be maintained by a mass term or any other self-interacting potential. So only in the massless case,
does this symmetry remain exact. Out of the 10 components of a tensor field, the gauge symmetry
removes 2⇥4 = 8 of them, leaving a massless tensor field with only two propagating dofs as is well
known from the propagation of gravitational waves in four dimensions.

In d � 3 spacetime dimensions, gravitational waves have d(d+1)/2�2d = d(d�3)/2 independent
polarizations. This means that in three dimensions there are no gravitational waves and in five
dimensions they have five independent polarizations.
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out all unwanted dofs, namely di↵eomorphism invariance (linear di↵s at the linearized level, and
non-linear di↵s/general covariance at the non-linear level).

2.2.1 Einstein–Hilbert kinetic term

We consider a symmetric Lorentz tensor field hµ⌫ . The kinetic term can be decomposed into four
possible local contributions (assuming Lorentz invariance and ignoring terms which are equivalent
upon integration by parts):
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where b1,2,3,4 are dimensionless coe�cients which are to be determined in the same way as for the
vector field. We split the 10 components of the symmetric tensor field hµ⌫ into a transverse tensor
hT

µ⌫
(which carries 6 components) and a vector field �µ (which carries 4 components),

hµ⌫ = hT

µ⌫
+ 2@(µ�⌫) . (2.33)

Just as in the case of the spin-1 field, an arbitrary kinetic term of the form (2.32) with untuned
coe�cients bi would contain higher derivatives for �µ which in turn would imply a ghost. As we
shall see below, avoiding a ghost within the kinetic term automatically leads to gauge-invariance.
After substitution of hµ⌫ in terms of hT

µ⌫
and �µ, the potentially dangerous parts are
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kin � (b1 + b2)�
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�
.

Preventing these higher derivative terms from arising sets

b4 = �b3 = �b2 = b1 , (2.35)

or in other words, the unique (local and Lorentz-invariant) kinetic term one can write for a spin-2
field is the Einstein–Hilbert term

Lspin�2
kin = �1

4
hµ⌫ Ê↵�

µ⌫
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4
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where Ê is the Lichnerowicz operator
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and we have set b1 = �1/4 to follow standard conventions. As a result, the kinetic term for the
tensor field hµ⌫ is invariant under the following gauge transformation,

hµ⌫ ! hµ⌫ + @(µ⇠⌫) . (2.38)

We emphasize that the form of the kinetic term and its gauge invariance is independent on whether
or not the tensor field has a mass, (as long as we restrict ourselves to a local and Lorentz-invariant
kinetic term). However just as in the case of a massive vector field, this gauge invariance cannot
be maintained by a mass term or any other self-interacting potential. So only in the massless case,
does this symmetry remain exact. Out of the 10 components of a tensor field, the gauge symmetry
removes 2⇥4 = 8 of them, leaving a massless tensor field with only two propagating dofs as is well
known from the propagation of gravitational waves in four dimensions.

In d � 3 spacetime dimensions, gravitational waves have d(d+1)/2�2d = d(d�3)/2 independent
polarizations. This means that in three dimensions there are no gravitational waves and in five
dimensions they have five independent polarizations.
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2 A strong coupling scale for massive gravity in 4-dimensions

We briefly discuss the strong coupling scales in the Fierz Pauli theory. The Fierz

Pauli theory is constructed by adding a ghost free Lorentz invariant mass term of

the form,

SG =

Z
d4x

p
gR +m2((hµ⌫)

2 � h2). (2.1)

Here we have expanded the metric in the weak field approximation with a flat

Minkowski background. The mass terms break di↵eomorphism invaiance and prop-

agates longitudinal polarization modes. The estimation of the growth of scattering

amplitudes in this theory can be most easily studied by restoring the gauge invari-

ance using the Stückelberg formalism. Schematically, restoring the gauge invariance

involves introducing a vector field Aµ, with two transverse degrees of freedom and

a scalar � with one degree of freedom. This is e↵ectively therefore the addition of

Goldstone bosons, and using the equivalence theorem to estimate the high energy

scattering amplitudes. Using canonically normalize the fields as A0 = 1
2mMPA,�0 =

1
2m

2MP�, h0 = 1
2MPh, expansion of the Ricci scalar, the determinant of the matrix

and the inverse of the metric in Einstein-Hilbert term gives a slew of interaction

terms. It can be observed that � always appears with two derivatives, A appears

with one derivative, and h appears with no derivatives. A generic interaction term

with nh powers of the tensor, nA powers of the vector and n� powers of the scalar

can be written as,
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The coe�cient ⇤� is the scale of the e↵ective theory, and is given by,
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where Ê is the Lichnerowicz operator
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and we have set b1 = �1/4 to follow standard conventions. As a result, the kinetic term for the
tensor field hµ⌫ is invariant under the following gauge transformation,
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We emphasize that the form of the kinetic term and its gauge invariance is independent on whether
or not the tensor field has a mass, (as long as we restrict ourselves to a local and Lorentz-invariant
kinetic term). However just as in the case of a massive vector field, this gauge invariance cannot
be maintained by a mass term or any other self-interacting potential. So only in the massless case,
does this symmetry remain exact. Out of the 10 components of a tensor field, the gauge symmetry
removes 2⇥4 = 8 of them, leaving a massless tensor field with only two propagating dofs as is well
known from the propagation of gravitational waves in four dimensions.

In d � 3 spacetime dimensions, gravitational waves have d(d+1)/2�2d = d(d�3)/2 independent
polarizations. This means that in three dimensions there are no gravitational waves and in five
dimensions they have five independent polarizations.

13

d(d+1)/2�2d = d(d�3)/2 independent
polarizations. This means that in three dimensions there are no gravitational waves and in five

The rest of the paper is organized as follows: Details of the organization

2 A strong coupling scale for massive gravity in 4-dimensions

We briefly discuss the strong coupling scales in the Fierz Pauli theory. The Fierz

Pauli theory is constructed by adding a ghost free Lorentz invariant mass term of

the form,

SG =

Z
d4x

p
gR +m2((hµ⌫)

2 � h2). (2.1)

Here we have expanded the metric in the weak field approximation with a flat

Minkowski background. The mass terms break di↵eomorphism invaiance and prop-

agates longitudinal polarization modes. The estimation of the growth of scattering

amplitudes in this theory can be most easily studied by restoring the gauge invari-

ance using the Stückelberg formalism. Schematically, restoring the gauge invariance

involves introducing a vector field Aµ, with two transverse degrees of freedom and

a scalar � with one degree of freedom. This is e↵ectively therefore the addition of

Goldstone bosons, and using the equivalence theorem to estimate the high energy

scattering amplitudes. Using canonically normalize the fields as A0 = 1
2mMPA,�0 =

1
2m

2MP�, h0 = 1
2MPh, expansion of the Ricci scalar, the determinant of the matrix

and the inverse of the metric in Einstein-Hilbert term gives a slew of interaction

terms. It can be observed that � always appears with two derivatives, A appears

with one derivative, and h appears with no derivatives. A generic interaction term

with nh powers of the tensor, nA powers of the vector and n� powers of the scalar

can be written as,

⇠ m2M2
P (@A

0)nA(@2�0)n�(h0
µ⌫)

nh = (⇤�)
4�nh�2nA�3n�h0nh(@A0)nA(@2�0)n� (2.2)

The coe�cient ⇤� is the scale of the e↵ective theory, and is given by,

⇤� = (MPm
��1)1/�, � =

3n� + 2nA + nh � 4

n� + nA + nh � 2
(2.3)

For interaction terms, we need terms n� + nA + nh � 3. The smallest term is the

scalar cubic with n� = 3, nA = nh = 0, and therefore the lowest scale suppressing

term is,
(@2�)3

⇤5
5

, ⇤5 = (MPm
4)1/5 (2.4)

This suggests that the scattering amplitude of a theroy with a single massive graviton

should grow with energy like s5. This scaling, known as the ⇤5 theory, can be

– 3 –

Massless GR : 

the same argument applies exactly and the Einstein–Hilbert term appears naturally as the unique
kinetic term free of any ghost-like instability. This is possible thanks to a symmetry which projects
out all unwanted dofs, namely di↵eomorphism invariance (linear di↵s at the linearized level, and
non-linear di↵s/general covariance at the non-linear level).

2.2.1 Einstein–Hilbert kinetic term

We consider a symmetric Lorentz tensor field hµ⌫ . The kinetic term can be decomposed into four
possible local contributions (assuming Lorentz invariance and ignoring terms which are equivalent
upon integration by parts):

Lspin�2
kin =

1

2
@↵hµ⌫

�
b1@↵hµ⌫ + 2b2@(µh⌫)↵ + b3@↵h⌘µ⌫ + 2b4@(µh⌘⌫)↵

�
, (2.32)

where b1,2,3,4 are dimensionless coe�cients which are to be determined in the same way as for the
vector field. We split the 10 components of the symmetric tensor field hµ⌫ into a transverse tensor
hT

µ⌫
(which carries 6 components) and a vector field �µ (which carries 4 components),

hµ⌫ = hT

µ⌫
+ 2@(µ�⌫) . (2.33)

Just as in the case of the spin-1 field, an arbitrary kinetic term of the form (2.32) with untuned
coe�cients bi would contain higher derivatives for �µ which in turn would imply a ghost. As we
shall see below, avoiding a ghost within the kinetic term automatically leads to gauge-invariance.
After substitution of hµ⌫ in terms of hT

µ⌫
and �µ, the potentially dangerous parts are

Lspin�2
kin � (b1 + b2)�

µ22�µ + (b1 + 3b2 + 2b3 + 4b4)�
µ2@µ@⌫�

⌫ (2.34)

�2hTµ⌫
�
(b2 + b4)@µ@⌫@↵�

↵ + (b1 + b2)@µ2�µ

+ (b3 + b4)2@↵�
↵ ⌘µ⌫

�
.

Preventing these higher derivative terms from arising sets

b4 = �b3 = �b2 = b1 , (2.35)

or in other words, the unique (local and Lorentz-invariant) kinetic term one can write for a spin-2
field is the Einstein–Hilbert term

Lspin�2
kin = �1

4
hµ⌫ Ê↵�
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removes 2⇥4 = 8 of them, leaving a massless tensor field with only two propagating dofs as is well
known from the propagation of gravitational waves in four dimensions.

In d � 3 spacetime dimensions, gravitational waves have d(d+1)/2�2d = d(d�3)/2 independent
polarizations. This means that in three dimensions there are no gravitational waves and in five
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non-linear di↵s/general covariance at the non-linear level).

2.2.1 Einstein–Hilbert kinetic term

We consider a symmetric Lorentz tensor field hµ⌫ . The kinetic term can be decomposed into four
possible local contributions (assuming Lorentz invariance and ignoring terms which are equivalent
upon integration by parts):

Lspin�2
kin =

1

2
@↵hµ⌫

�
b1@↵hµ⌫ + 2b2@(µh⌫)↵ + b3@↵h⌘µ⌫ + 2b4@(µh⌘⌫)↵

�
, (2.32)

where b1,2,3,4 are dimensionless coe�cients which are to be determined in the same way as for the
vector field. We split the 10 components of the symmetric tensor field hµ⌫ into a transverse tensor
hT

µ⌫
(which carries 6 components) and a vector field �µ (which carries 4 components),

hµ⌫ = hT

µ⌫
+ 2@(µ�⌫) . (2.33)

Just as in the case of the spin-1 field, an arbitrary kinetic term of the form (2.32) with untuned
coe�cients bi would contain higher derivatives for �µ which in turn would imply a ghost. As we
shall see below, avoiding a ghost within the kinetic term automatically leads to gauge-invariance.
After substitution of hµ⌫ in terms of hT

µ⌫
and �µ, the potentially dangerous parts are

Lspin�2
kin � (b1 + b2)�

µ22�µ + (b1 + 3b2 + 2b3 + 4b4)�
µ2@µ@⌫�

⌫ (2.34)

�2hTµ⌫
�
(b2 + b4)@µ@⌫@↵�

↵ + (b1 + b2)@µ2�µ

+ (b3 + b4)2@↵�
↵ ⌘µ⌫

�
.

Preventing these higher derivative terms from arising sets

b4 = �b3 = �b2 = b1 , (2.35)

or in other words, the unique (local and Lorentz-invariant) kinetic term one can write for a spin-2
field is the Einstein–Hilbert term

Lspin�2
kin = �1

4
hµ⌫ Ê↵�

µ⌫
h↵� = �1

4
hTµ⌫ Ê↵�

µ⌫
hT

↵�
, (2.36)

where Ê is the Lichnerowicz operator

Ê↵�

µ⌫
h↵� = �1

2

⇣
2hµ⌫ � 2@(µ@↵h

↵

⌫) + @µ@⌫h� ⌘µ⌫(2h� @↵@�h
↵�)

⌘
, (2.37)

and we have set b1 = �1/4 to follow standard conventions. As a result, the kinetic term for the
tensor field hµ⌫ is invariant under the following gauge transformation,

hµ⌫ ! hµ⌫ + @(µ⇠⌫) . (2.38)

We emphasize that the form of the kinetic term and its gauge invariance is independent on whether
or not the tensor field has a mass, (as long as we restrict ourselves to a local and Lorentz-invariant
kinetic term). However just as in the case of a massive vector field, this gauge invariance cannot
be maintained by a mass term or any other self-interacting potential. So only in the massless case,
does this symmetry remain exact. Out of the 10 components of a tensor field, the gauge symmetry
removes 2⇥4 = 8 of them, leaving a massless tensor field with only two propagating dofs as is well
known from the propagation of gravitational waves in four dimensions.

In d � 3 spacetime dimensions, gravitational waves have d(d+1)/2�2d = d(d�3)/2 independent
polarizations. This means that in three dimensions there are no gravitational waves and in five
dimensions they have five independent polarizations.
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 Massive Spin-2 particles, Fierz-Pauli Theory and beyond
The rest of the paper is organized as follows: Details of the organization

2 A strong coupling scale for massive gravity in 4-dimensions

We briefly discuss the strong coupling scales in the Fierz Pauli theory. The Fierz

Pauli theory is constructed by adding a ghost free Lorentz invariant mass term of

the form,

SG =

Z
d4x

p
gR +m2((hµ⌫)

2 � h2). (2.1)

Here we have expanded the metric in the weak field approximation with a flat

Minkowski background. The mass terms break di↵eomorphism invaiance and prop-

agates longitudinal polarization modes. The estimation of the growth of scattering

amplitudes in this theory can be most easily studied by restoring the gauge invari-

ance using the Stückelberg formalism. Schematically, restoring the gauge invariance

involves introducing a vector field Aµ, with two transverse degrees of freedom and

a scalar � with one degree of freedom. This is e↵ectively therefore the addition of

Goldstone bosons, and using the equivalence theorem to estimate the high energy

scattering amplitudes. Using canonically normalize the fields as A0 = 1
2mMPA,�0 =

1
2m

2MP�, h0 = 1
2MPh, expansion of the Ricci scalar, the determinant of the matrix

and the inverse of the metric in Einstein-Hilbert term gives a slew of interaction

terms. It can be observed that � always appears with two derivatives, A appears

with one derivative, and h appears with no derivatives. A generic interaction term

with nh powers of the tensor, nA powers of the vector and n� powers of the scalar

can be written as,

⇠ m2M2
P (@A

0)nA(@2�0)n�(h0
µ⌫)

nh = (⇤�)
4�nh�2nA�3n�h0nh(@A0)nA(@2�0)n� (2.2)

The coe�cient ⇤� is the scale of the e↵ective theory, and is given by,

⇤� = (MPm
��1)1/�, � =

3n� + 2nA + nh � 4

n� + nA + nh � 2
(2.3)

For interaction terms, we need terms n� + nA + nh � 3. The smallest term is the

scalar cubic with n� = 3, nA = nh = 0, and therefore the lowest scale suppressing

term is,
(@2�)3

⇤5
5

, ⇤5 = (MPm
4)1/5 (2.4)

This suggests that the scattering amplitude of a theroy with a single massive graviton

should grow with energy like s5. This scaling, known as the ⇤5 theory, can be
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Ostrogradsky theorem

D.O.F counting in d dimensions for the massless graviton 

the same argument applies exactly and the Einstein–Hilbert term appears naturally as the unique
kinetic term free of any ghost-like instability. This is possible thanks to a symmetry which projects
out all unwanted dofs, namely di↵eomorphism invariance (linear di↵s at the linearized level, and
non-linear di↵s/general covariance at the non-linear level).

2.2.1 Einstein–Hilbert kinetic term

We consider a symmetric Lorentz tensor field hµ⌫ . The kinetic term can be decomposed into four
possible local contributions (assuming Lorentz invariance and ignoring terms which are equivalent
upon integration by parts):

Lspin�2
kin =

1

2
@↵hµ⌫

�
b1@↵hµ⌫ + 2b2@(µh⌫)↵ + b3@↵h⌘µ⌫ + 2b4@(µh⌘⌫)↵

�
, (2.32)

where b1,2,3,4 are dimensionless coe�cients which are to be determined in the same way as for the
vector field. We split the 10 components of the symmetric tensor field hµ⌫ into a transverse tensor
hT

µ⌫
(which carries 6 components) and a vector field �µ (which carries 4 components),

hµ⌫ = hT

µ⌫
+ 2@(µ�⌫) . (2.33)

Just as in the case of the spin-1 field, an arbitrary kinetic term of the form (2.32) with untuned
coe�cients bi would contain higher derivatives for �µ which in turn would imply a ghost. As we
shall see below, avoiding a ghost within the kinetic term automatically leads to gauge-invariance.
After substitution of hµ⌫ in terms of hT

µ⌫
and �µ, the potentially dangerous parts are

Lspin�2
kin � (b1 + b2)�

µ22�µ + (b1 + 3b2 + 2b3 + 4b4)�
µ2@µ@⌫�

⌫ (2.34)

�2hTµ⌫
�
(b2 + b4)@µ@⌫@↵�

↵ + (b1 + b2)@µ2�µ

+ (b3 + b4)2@↵�
↵ ⌘µ⌫

�
.

Preventing these higher derivative terms from arising sets

b4 = �b3 = �b2 = b1 , (2.35)

or in other words, the unique (local and Lorentz-invariant) kinetic term one can write for a spin-2
field is the Einstein–Hilbert term

Lspin�2
kin = �1

4
hµ⌫ Ê↵�

µ⌫
h↵� = �1

4
hTµ⌫ Ê↵�

µ⌫
hT

↵�
, (2.36)

where Ê is the Lichnerowicz operator

Ê↵�

µ⌫
h↵� = �1

2

⇣
2hµ⌫ � 2@(µ@↵h

↵

⌫) + @µ@⌫h� ⌘µ⌫(2h� @↵@�h
↵�)

⌘
, (2.37)

and we have set b1 = �1/4 to follow standard conventions. As a result, the kinetic term for the
tensor field hµ⌫ is invariant under the following gauge transformation,

hµ⌫ ! hµ⌫ + @(µ⇠⌫) . (2.38)

We emphasize that the form of the kinetic term and its gauge invariance is independent on whether
or not the tensor field has a mass, (as long as we restrict ourselves to a local and Lorentz-invariant
kinetic term). However just as in the case of a massive vector field, this gauge invariance cannot
be maintained by a mass term or any other self-interacting potential. So only in the massless case,
does this symmetry remain exact. Out of the 10 components of a tensor field, the gauge symmetry
removes 2⇥4 = 8 of them, leaving a massless tensor field with only two propagating dofs as is well
known from the propagation of gravitational waves in four dimensions.

In d � 3 spacetime dimensions, gravitational waves have d(d+1)/2�2d = d(d�3)/2 independent
polarizations. This means that in three dimensions there are no gravitational waves and in five
dimensions they have five independent polarizations.
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Massless GR : 

the same argument applies exactly and the Einstein–Hilbert term appears naturally as the unique
kinetic term free of any ghost-like instability. This is possible thanks to a symmetry which projects
out all unwanted dofs, namely di↵eomorphism invariance (linear di↵s at the linearized level, and
non-linear di↵s/general covariance at the non-linear level).

2.2.1 Einstein–Hilbert kinetic term

We consider a symmetric Lorentz tensor field hµ⌫ . The kinetic term can be decomposed into four
possible local contributions (assuming Lorentz invariance and ignoring terms which are equivalent
upon integration by parts):
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where b1,2,3,4 are dimensionless coe�cients which are to be determined in the same way as for the
vector field. We split the 10 components of the symmetric tensor field hµ⌫ into a transverse tensor
hT

µ⌫
(which carries 6 components) and a vector field �µ (which carries 4 components),

hµ⌫ = hT

µ⌫
+ 2@(µ�⌫) . (2.33)

Just as in the case of the spin-1 field, an arbitrary kinetic term of the form (2.32) with untuned
coe�cients bi would contain higher derivatives for �µ which in turn would imply a ghost. As we
shall see below, avoiding a ghost within the kinetic term automatically leads to gauge-invariance.
After substitution of hµ⌫ in terms of hT
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and �µ, the potentially dangerous parts are
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Preventing these higher derivative terms from arising sets
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field is the Einstein–Hilbert term
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and we have set b1 = �1/4 to follow standard conventions. As a result, the kinetic term for the
tensor field hµ⌫ is invariant under the following gauge transformation,

hµ⌫ ! hµ⌫ + @(µ⇠⌫) . (2.38)

We emphasize that the form of the kinetic term and its gauge invariance is independent on whether
or not the tensor field has a mass, (as long as we restrict ourselves to a local and Lorentz-invariant
kinetic term). However just as in the case of a massive vector field, this gauge invariance cannot
be maintained by a mass term or any other self-interacting potential. So only in the massless case,
does this symmetry remain exact. Out of the 10 components of a tensor field, the gauge symmetry
removes 2⇥4 = 8 of them, leaving a massless tensor field with only two propagating dofs as is well
known from the propagation of gravitational waves in four dimensions.

In d � 3 spacetime dimensions, gravitational waves have d(d+1)/2�2d = d(d�3)/2 independent
polarizations. This means that in three dimensions there are no gravitational waves and in five
dimensions they have five independent polarizations.

13

hµ⌫ ! hµ⌫ + @(µ⇠⌫)Di"eomorphism  :

1. 5 Propagating degrees of freedom

2. Longitudinal helicity mode couples to stress energy tensor.

3. Resembles a  Brans-Dicke theory.

4. Does not reduce to GR in the massless limit (van-Dam Veltman Zakahrov(vDVZ) discontinuity ).

5. Vainshtein -> vDVZ discontinuity artifact of the linear theory, (Vainshtein screening).

6. Boulware Deser -> Generic non-linear extensions of FP theory introduces ghosts.

7. dRGT theory (2010) -> A ghost free construction of massive gravity, by tuning generic 
coe#cients 

Fierz!Pauli theory and extensions

3



Scattering amplitudes in FP theory

Naive Expectation

Unitarity is violated at a scale  Λ5 = (Mplm4)1/5 ≪ Mpl

This expectation is realized if one simply adds mass to the 4D Graviton

Cheung and Remmen, 
arXiv:1601.04068

 Longitudinal helicity scattering

Cut-o" scale can be raised to 

More recently, it was observed that the Boulware-Deser ghost can be eliminated with the proper

choice of parameters [3, 4, 9]. In particular, working in the high-energy theory of scalars, the

couplings at each power in the graviton can be chosen to yield total derivative interactions. For

example, in Eq. (2) this parameter choice corresponds to

c1 = 2c3 +
1

2
, c2 = �3c3 �

1

2
,

d1 = �6d5 +
3

2
c3 +

5

16
, d2 = 8d5 �

3

2
c3 �

1

4
,

d3 = 3d5 �
3

4
c3 �

1

16
, d4 = �6d5 +

3

4
c3,

(5)

with c3 and d5 free parameters. The resulting theory is a non-linear generalization of the Fierz-

Pauli term. Moreover, the theory enjoys a parametrically higher cuto↵ ⇤3 [2, 3], since the

parameter choice eliminates dangerous scalar self-interactions.

3 Calculation of Scattering Amplitudes

For our analysis, we have computed the general tree-level amplitude for massive graviton scatter-

ing. In what follows, we describe the setup and notation of our amplitudes calculation, followed

by a set of consistency checks for our final expressions.

3.1 Setup and Notation

A massive graviton has a momentum vector kµ satisfying kµkµ = �m2. To construct a basis

of polarization tensors, we decompose the space orthogonal to kµ in terms of a basis of three

polarization vectors ✏iµ satisfying

kµ✏iµ = 0 (6)

and split according to transverse (i = 1, 2) and longitudinal (i = 3) polarizations. For example,

in a frame in which kµ = (!, 0, 0, k) and ! =
p
k2 +m2, the polarization vectors satisfy

✏1µ = (0, 1, 0, 0)

✏2µ = (0, 0, 1, 0)

✏3µ =
1

m
(k, 0, 0,!),

(7)

with the normalization ✏iµ✏
jµ = �ij. By construction, at high energies ✏3µ ⇠ kµ/m, which is the

Goldstone equivalence limit.
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Compactified 5D theory
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FIG. 2. Cancellations in the orbifolded torus model for

(2, 2) ! (2, 2) KK states. (Clockwise) From top left O(s 5 �

�s2). The radion starts to contribute only at O(s 3 ).

where �i (f ) = �a (c)��b (d ), are the initial and final helicity
states, and the Wigner D functions are normalized in the
usual way,

Z
d⌦ D

J

�1�2
(✓,�).D J

0⇤
�10�2

(✓,�) =
4⇡

2J + 1
� J J 0��1�10

(56)
The leading partial wave amplitude is obtained for J = 0,
which gives us ,

a
J = 0
0 0 ! 0 0 (14 ! 23) =

s

M
2
P l

ln
�
sr

2
c

�
+ . . . . (57 )

Partial wave unitarity demands that the real part of the
amplitude must be bounded by unity, and therefore we
conclude that the 4D 2 ! 2 scattering becomes strongly
coupled at s ⇠ M

2
P l
. We need one more step to complete

this analysis from a 5D perspective. While each indi-
vidual scattering amplitude grows only like s, as in the
case of compactified Y ang-Mills theory there are coupled
channels of the first N K K modes whose scattering am-
plitudes grow like Ns/M

2
P l
. Identifying N /

p
src, the

expected s
3 / 2

/M
3
5 growth is recovered for the underly-

ing five-dimensional gravityand directly demonstrate the
theory is valid up to a scale ⇤ 3 / 2. Phenomenologically,
the 5DO T torus model as described here is unviable as
the radion, a massless scalar would couple directly to the
stress energy tensor in a theory with matter. Therefore
without a proper stabilization mechanism that provides
the radion a mass, this theory would be equivalent to a
B rans-Dicke like theory.

B. Cancellations in the Randall Sundrum model

While the calculation for the RS model proceeds in
the same way as the torus, the convenience of the K K
momentum conservation is not present anymore. The
wave functions for the RS model are obtained by solv-
ing the Sturm-Liouville problem, and are a combination
of the B essel functions J and Y . The spectrum con-
sists of a massless graviton and a radion, along with a
tower of massive spin-2 states, which unlike the 5DO T
are not uniformly distributed. Moreover, as described
in Appendix. ??, the 3 point and the 4 point couplings

FIG. 3. Cancellations in the RS for (1, 1) ! (1, 1) KK states.

(Clockwise) From top left O(s 5 � s2). The radion starts to

contribute only at O(s 3 ).

are overlap integrals of wave functions which consist of
a combination B essel functions, which need to be eval-
uated numerically. The coupling forms and the tensor
structures are presented in Appendix. ??. N otably while
the massless graviton couples only diagonally, the radion
couples to all intermediate K K states.
Since we no longer have K K number conservation, all

intermediate massive propagators contribute, and need
to be included for the cancellations to take place accu-
rately. H ence we needed a very high degree of numerical
accuracy in our calculation. The problem is compounded
by the sheer number of terms for every intermediate K K
mode (O(10k)) due to the tensor structures at cubic or-
der in coupling. We present the results for scattering of
(1, 1) ! (1, 1) by Laurent expanding the matrix elements
in powers of s. The matrix elements that need to be com-
puted are the same as, Fig. ??, the caveat now being all
intermediate states contribute to this process. Therefore,
we study the convergence of the amplitude as a function
of the maximum number intermediate K K state Nm a x .
In Fig. 3, we present the cancellations in amplitudes for
scattering of (1, 1) ! (1, 1), from O(s5 � s

2), as a func-
tion of the number of the intermediate states NK K . The
plots are separated in two categories, first the contact
diagram dubbed SG , and the sum of s, t, u channel dia-
grams with increasing number of K K states. At order s5

and s
4, only the contact diagram and the diagrams with

and arbitrary number of massive intermediate K K states
contribute. The y axis represents the matrix element in
arbitrary units. We separate the contact diagram in the
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Mode expansion for gravity 
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We will denote latin alphabets as the 5 -D coordinates while greek indices are reserved

for 4-D coordinates. The 4-D part of the metric g µ ⌫ , is expanded in the weak field
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4D is a small coupling(weak field expansion parameter). The fields r and ⇢ µ are the

radion and the graviphoton respectively. The 5 -D massless symmetric tensor hM N ,

that satisfies the full 5 -D di↵eomorphism invariance, with 5 transverse degrees of

freedom is split into a tensor hµ ⌫ with two transverse degrees of freedom, a vector

⇢ µ with two transverse degrees of freedom, and a scalar degree of freedom in r . The

5 -D action is given by,

S = M
3
5

Z
d
4
x d y

p

G R
(5)
. (3.2)

We denote the extra dimensional co-ordinate by y . Additionally, G is the deterimant

of the 5 -D metric and R
(5) is the 5 -D Ricci scalar expanded as ˜G M N

R M N , where
˜G M N is the 5 -D metric inverse, and R M N the 5 -D Ricci tensor. We denote the 5 -

D P lanck mass by M 5, which is related to the 4-D P lanck mass by M
3
5 = M

2
P l / L .

The expansion of the metric inverse and determinant is detailed in Appendix A1.

The compactification allows us to expand the fields in fourier modes over the 5 -D

co-ordinates. These read,

h µ ⌫( x , y ) =
1X

n = �1
h µ ⌫ , n( x ) e

i ! n y

h µ 5( x , y ) =
1X

n = �1
⇢ µ ( x , n)e

i ! n y

h55( x , y ) =
1X

n = �1
r ( x , n)e i ! n y (3.3)

where n is an integer that characterizes the mode number with freq uencies !n ⌘

2⇡n
L . The orthogonality of the fourier expansion imposes,

R L

0 d y e
(i ! m y )⇤

e
i ! n y = L � m n.

The field h M N is brok en to a tensor, vector, and a scalar as h µ , ⌫( x ), ⇢ µ ( x ) , r ( x )

respectively. Additionally, reality of the 5 -D fields impose,

h
⇤
µ ⌫ , n = h µ ⌫ , �n , ⇢

⇤
µ , n = ⇢ µ , �n , r

⇤
n = ��n . (3.4)
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whereas its second term becomes

L
(e↵)
B : h h ⌘

Z +⇡rc

�⇡rc

dy e
�4k|y|

L B : h h (27 )

=

Z +⇡rc

�⇡rc

dy e
�4k|y|


�
1

2
Jˆh 0ˆh 0K + 1

2
Jˆh 0K2

�

=
+1X

m , n = 0


�
1

2
Jˆh (m )ˆh (n )K + 1

2
Jˆh (m )KJˆh (n )K

�

⇥
1

⇡r2
c

Z +⇡

�⇡

d' e
�4krc|'|(@' m )(@' n )

These are simplified via the orthonormality relations
(B 13) and (B 15), such that the 4D e↵ective Lagrangian

resulting from L
(RS)
h h

equals

L
(RS, e↵)
h h

= L
(e↵)
A : h h + L

(e↵)
B : h h (28)

= L
(S = 2)
K i n (ˆh (0 )) +

+1X

n = 1

L F P ( m n ,
ˆh (n ))

Therefore, K K decomposition of the 5D graviton field re-
sults in the following 4D particle content: a single mass-
less spin-2 mode ˆh (0 ), and countably many massive spin-2
modes ˆh (n ) with n 2 { 1, 2, · · · } . The zero mode ˆh (0 ) is
consistent with the usual 4D graviton (with dimension-
ful coupling constant 4D = 2/M P l , 4D =  0 /

p
⇡rc), and

will be identified as such.
The 4D e↵ective equivalent of L (RS)

rr (24) equals:

L
(RS, e↵)
rr

=

Z +⇡rc

�⇡rc

dy L
(RS)
rr

(29)

=

Z +⇡rc

�⇡rc

dy e
+2k(|y|�⇡rc)


1

2
(@µr̂)(@

µ
r̂)

�

=
1

2
(@µr̂

(0 ))(@µr̂(0 )) ·
 0

2

⇡rc

Z +⇡rc

�⇡rc

dy e
+2k(|y|�⇡rc)

= L
S = 0
K i n (r̂(0 ))

Therefore, K K decomposing the 5D radion yields only a
single massless spin-0 mode r̂

(0 ). Like its 5D progenitor,
this 4D state is called the radion.
The derivations above are so clean in part because all

nontrivial wavefunctions appear in pairs and are thus
subject to orthonormality relations. Such simplifications
are seldom possible when dealing with a product of three
or more 5D fields, and instead the integrals must be dealt
with as-is. Consequently, calculating the matrix element
for 2-to-2 scattering of massive K K modes typically re-
quires a sum over infinitely-many diagrams, each of which
contains various products of these overlap integrals.
Consider all terms in the weak field expanded La-

grangian L
(RS)
5D that have exactly H spin-2 fields and no

radion fields. After K K decomposition, terms with two
spatial derivatives (designated as A-Type) are propor-

tional to the unitless overlap integral

a~n ⌘
1

⇡

Z +⇡

�⇡

d' e
�2krc|'|

HY

i = 1

 n i
(30)

and those containing two extra-dimensional derivatives
(designated as B -Type) are proportional to integrals

b ~n ⌘
1

⇡

Z +⇡

�⇡

d' e
�4krc|'|(@' n 1)(@' n 2)

HY

i = 3

 n i
(31)

where ~n = ( n 1 · · · n H ) are the K K numbers of the rel-
evant spin-2 fields. N ote that a~n is fully symmetric in
all K K indices, whereas b ~n is symmetric in the first pair
and remaining K K indices separately. Furthermore, note
that the triple spin-2 couplings imply that the graviton
couples diagonally to massive spin-2 states: via the or-
thogonality relations,

a n 1 n 2 0 =  0 � n 1 , n 2 (32)

b n 1 n 2 0 = (m n 1rc)
2
 0 � n 1 , n 2

For nonzero krc, couplings to the graviton are generically
weaker than the analogous couplings with a nonzero K K
mode or radion.
To discuss 2-to-2 scattering of massive K K modes, we

also need the integrals which dictate how a radion couples
to a pair of spin-2 particles:

b r n 1 n 2 ⌘
 0

⇡

Z +⇡

�⇡

d' e
�krc(2|'|+⇡)(@' n 1)(@' n 2)

(33)

The theory lacks an analogous A-Type coupling. N ote
that the exponential factor in the integrand of b r n 1 n 2 is
inconsistent with the orthonormality relations. Conse-
quently, the radion generally couples non-diagonally to
massive spin-2 modes.
Appendix C describes how interactions between 4D

particles are derived from the 5D theory and summarizes
the relevant interactions.

B. T he 5 D O rb if olded T orus

As a first slightly simpler exercise we consider the limit
where the curvature vanishes. Thus we take the limit of
the RS metric (16) as k ! 0 while simultaneously be-
ing careful to maintain a finite first mass m 1, with the
orbifold condition imposed. The 5DO T metric is factor-
izable over R 4⇥ S 1, where the vaccum solution containing
no dependence on the internal dimension,

G
(5DO T )
MN

=

0

@ e

�r̂p
6 (⌘µ⌫ + ˆh µ⌫) 0

0 �

⇣
1 + r̂p

6

⌘2

1

A (34)G
(5DO T )
MN

=

0

@

0

@

0
e

�r̂p
6 (⌘µ⌫ + ˆh µ⌫) 0

0 �

⇣
1 + r̂p

6

⌘2

1

A

1

A

1
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Mode expansion for gravity 
in a toroidal extra dimension

We will denote latin alphabets as the 5 -D coordinates while greek indices are reserved

for 4-D coordinates. The 4-D part of the metric g µ ⌫ , is expanded in the weak field

approximation around the fl at M ink owsk i metric ⌘ µ ⌫ as g µ ⌫ = ⌘ µ ⌫ + 4D h µ ⌫ , where

4D is a small coupling(weak field expansion parameter). The fields r and ⇢ µ are the

radion and the graviphoton respectively. The 5 -D massless symmetric tensor hM N ,

that satisfies the full 5 -D di↵eomorphism invariance, with 5 transverse degrees of

freedom is split into a tensor hµ ⌫ with two transverse degrees of freedom, a vector

⇢ µ with two transverse degrees of freedom, and a scalar degree of freedom in r . The

5 -D action is given by,

S = M
3
5

Z
d
4
x d y

p

G R
(5)
. (3.2)

We denote the extra dimensional co-ordinate by y . Additionally, G is the deterimant

of the 5 -D metric and R
(5) is the 5 -D Ricci scalar expanded as ˜G M N

R M N , where
˜G M N is the 5 -D metric inverse, and R M N the 5 -D Ricci tensor. We denote the 5 -

D P lanck mass by M 5, which is related to the 4-D P lanck mass by M
3
5 = M

2
P l / L .

The expansion of the metric inverse and determinant is detailed in Appendix A1.

The compactification allows us to expand the fields in fourier modes over the 5 -D

co-ordinates. These read,

h µ ⌫( x , y ) =
1X

n = �1
h µ ⌫ , n( x ) e

i ! n y

h µ 5( x , y ) =
1X

n = �1
⇢ µ ( x , n)e

i ! n y

h55( x , y ) =
1X

n = �1
r ( x , n)e i ! n y (3.3)

where n is an integer that characterizes the mode number with freq uencies !n ⌘

2⇡n
L . The orthogonality of the fourier expansion imposes,

R L

0 d y e
(i ! m y )⇤

e
i ! n y = L � m n.

The field h M N is brok en to a tensor, vector, and a scalar as h µ , ⌫( x ), ⇢ µ ( x ) , r ( x )

respectively. Additionally, reality of the 5 -D fields impose,

h
⇤
µ ⌫ , n = h µ ⌫ , �n , ⇢

⇤
µ , n = ⇢ µ , �n , r

⇤
n = ��n . (3.4)
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whereas its second term becomes

L
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B : h h ⌘
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�⇡rc

dy e
�4k|y|

L B : h h (27 )

=
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These are simplified via the orthonormality relations
(B 13) and (B 15), such that the 4D e↵ective Lagrangian

resulting from L
(RS)
h h

equals

L
(RS, e↵)
h h

= L
(e↵)
A : h h + L

(e↵)
B : h h (28)

= L
(S = 2)
K i n (ˆh (0 )) +

+1X

n = 1

L F P ( m n ,
ˆh (n ))

Therefore, K K decomposition of the 5D graviton field re-
sults in the following 4D particle content: a single mass-
less spin-2 mode ˆh (0 ), and countably many massive spin-2
modes ˆh (n ) with n 2 { 1, 2, · · · } . The zero mode ˆh (0 ) is
consistent with the usual 4D graviton (with dimension-
ful coupling constant 4D = 2/M P l , 4D =  0 /

p
⇡rc), and

will be identified as such.
The 4D e↵ective equivalent of L (RS)

rr (24) equals:

L
(RS, e↵)
rr

=
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�⇡rc

dy L
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rr
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= L
S = 0
K i n (r̂(0 ))

Therefore, K K decomposing the 5D radion yields only a
single massless spin-0 mode r̂

(0 ). Like its 5D progenitor,
this 4D state is called the radion.
The derivations above are so clean in part because all

nontrivial wavefunctions appear in pairs and are thus
subject to orthonormality relations. Such simplifications
are seldom possible when dealing with a product of three
or more 5D fields, and instead the integrals must be dealt
with as-is. Consequently, calculating the matrix element
for 2-to-2 scattering of massive K K modes typically re-
quires a sum over infinitely-many diagrams, each of which
contains various products of these overlap integrals.
Consider all terms in the weak field expanded La-

grangian L
(RS)
5D that have exactly H spin-2 fields and no

radion fields. After K K decomposition, terms with two
spatial derivatives (designated as A-Type) are propor-

tional to the unitless overlap integral

a~n ⌘
1

⇡

Z +⇡

�⇡

d' e
�2krc|'|

HY

i = 1

 n i
(30)

and those containing two extra-dimensional derivatives
(designated as B -Type) are proportional to integrals

b ~n ⌘
1

⇡

Z +⇡

�⇡

d' e
�4krc|'|(@' n 1)(@' n 2)

HY

i = 3

 n i
(31)

where ~n = ( n 1 · · · n H ) are the K K numbers of the rel-
evant spin-2 fields. N ote that a~n is fully symmetric in
all K K indices, whereas b ~n is symmetric in the first pair
and remaining K K indices separately. Furthermore, note
that the triple spin-2 couplings imply that the graviton
couples diagonally to massive spin-2 states: via the or-
thogonality relations,

a n 1 n 2 0 =  0 � n 1 , n 2 (32)

b n 1 n 2 0 = (m n 1rc)
2
 0 � n 1 , n 2

For nonzero krc, couplings to the graviton are generically
weaker than the analogous couplings with a nonzero K K
mode or radion.
To discuss 2-to-2 scattering of massive K K modes, we

also need the integrals which dictate how a radion couples
to a pair of spin-2 particles:

b r n 1 n 2 ⌘
 0

⇡

Z +⇡
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(33)

The theory lacks an analogous A-Type coupling. N ote
that the exponential factor in the integrand of b r n 1 n 2 is
inconsistent with the orthonormality relations. Conse-
quently, the radion generally couples non-diagonally to
massive spin-2 modes.
Appendix C describes how interactions between 4D

particles are derived from the 5D theory and summarizes
the relevant interactions.

B. T he 5 D O rb if olded T orus

As a first slightly simpler exercise we consider the limit
where the curvature vanishes. Thus we take the limit of
the RS metric (16) as k ! 0 while simultaneously be-
ing careful to maintain a finite first mass m 1, with the
orbifold condition imposed. The 5DO T metric is factor-
izable over R 4⇥ S 1, where the vaccum solution containing
no dependence on the internal dimension,
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that satisfies the full 5 -D di↵eomorphism invariance, with 5 transverse degrees of

freedom is split into a tensor hµ ⌫ with two transverse degrees of freedom, a vector

⇢ µ with two transverse degrees of freedom, and a scalar degree of freedom in r . The

5 -D action is given by,

S = M
3
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4
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(5)
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We denote the extra dimensional co-ordinate by y . Additionally, G is the deterimant

of the 5 -D metric and R
(5) is the 5 -D Ricci scalar expanded as ˜G M N

R M N , where
˜G M N is the 5 -D metric inverse, and R M N the 5 -D Ricci tensor. We denote the 5 -

D P lanck mass by M 5, which is related to the 4-D P lanck mass by M
3
5 = M

2
P l / L .

The expansion of the metric inverse and determinant is detailed in Appendix A1.

The compactification allows us to expand the fields in fourier modes over the 5 -D
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where n is an integer that characterizes the mode number with freq uencies !n ⌘
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e
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The field h M N is brok en to a tensor, vector, and a scalar as h µ , ⌫( x ), ⇢ µ ( x ) , r ( x )

respectively. Additionally, reality of the 5 -D fields impose,
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that satisfies the full 5 -D di↵eomorphism invariance, with 5 transverse degrees of

freedom is split into a tensor hµ ⌫ with two transverse degrees of freedom, a vector

⇢ µ with two transverse degrees of freedom, and a scalar degree of freedom in r . The

5 -D action is given by,
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3
5
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4
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(5)
. (3.2)

We denote the extra dimensional co-ordinate by y . Additionally, G is the deterimant

of the 5 -D metric and R
(5) is the 5 -D Ricci scalar expanded as ˜G M N

R M N , where
˜G M N is the 5 -D metric inverse, and R M N the 5 -D Ricci tensor. We denote the 5 -

D P lanck mass by M 5, which is related to the 4-D P lanck mass by M
3
5 = M

2
P l / L .

The expansion of the metric inverse and determinant is detailed in Appendix A1.

The compactification allows us to expand the fields in fourier modes over the 5 -D

co-ordinates. These read,

h µ ⌫( x , y ) =
1X

n = �1
h µ ⌫ , n( x ) e
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n = �1
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where n is an integer that characterizes the mode number with freq uencies !n ⌘
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(i ! m y )⇤

e
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The field h M N is brok en to a tensor, vector, and a scalar as h µ , ⌫( x ), ⇢ µ ( x ) , r ( x )

respectively. Additionally, reality of the 5 -D fields impose,
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whereas its second term becomes

L
(e↵)
B : h h ⌘

Z +⇡rc
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dy e
�4k|y|

L B : h h (27 )

=
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These are simplified via the orthonormality relations
(B 13) and (B 15), such that the 4D e↵ective Lagrangian

resulting from L
(RS)
h h

equals

L
(RS, e↵)
h h

= L
(e↵)
A : h h + L

(e↵)
B : h h (28)

= L
(S = 2)
K i n (ˆh (0 )) +

+1X

n = 1

L F P ( m n ,
ˆh (n ))

Therefore, K K decomposition of the 5D graviton field re-
sults in the following 4D particle content: a single mass-
less spin-2 mode ˆh (0 ), and countably many massive spin-2
modes ˆh (n ) with n 2 { 1, 2, · · · } . The zero mode ˆh (0 ) is
consistent with the usual 4D graviton (with dimension-
ful coupling constant 4D = 2/M P l , 4D =  0 /

p
⇡rc), and

will be identified as such.
The 4D e↵ective equivalent of L (RS)

rr (24) equals:

L
(RS, e↵)
rr

=

Z +⇡rc

�⇡rc

dy L
(RS)
rr

(29)

=
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dy e
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= L
S = 0
K i n (r̂(0 ))

Therefore, K K decomposing the 5D radion yields only a
single massless spin-0 mode r̂

(0 ). Like its 5D progenitor,
this 4D state is called the radion.
The derivations above are so clean in part because all

nontrivial wavefunctions appear in pairs and are thus
subject to orthonormality relations. Such simplifications
are seldom possible when dealing with a product of three
or more 5D fields, and instead the integrals must be dealt
with as-is. Consequently, calculating the matrix element
for 2-to-2 scattering of massive K K modes typically re-
quires a sum over infinitely-many diagrams, each of which
contains various products of these overlap integrals.
Consider all terms in the weak field expanded La-

grangian L
(RS)
5D that have exactly H spin-2 fields and no

radion fields. After K K decomposition, terms with two
spatial derivatives (designated as A-Type) are propor-

tional to the unitless overlap integral

a~n ⌘
1

⇡

Z +⇡

�⇡

d' e
�2krc|'|

HY

i = 1

 n i
(30)

and those containing two extra-dimensional derivatives
(designated as B -Type) are proportional to integrals
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d' e
�4krc|'|(@' n 1)(@' n 2)

HY

i = 3

 n i
(31)

where ~n = ( n 1 · · · n H ) are the K K numbers of the rel-
evant spin-2 fields. N ote that a~n is fully symmetric in
all K K indices, whereas b ~n is symmetric in the first pair
and remaining K K indices separately. Furthermore, note
that the triple spin-2 couplings imply that the graviton
couples diagonally to massive spin-2 states: via the or-
thogonality relations,

a n 1 n 2 0 =  0 � n 1 , n 2 (32)

b n 1 n 2 0 = (m n 1rc)
2
 0 � n 1 , n 2

For nonzero krc, couplings to the graviton are generically
weaker than the analogous couplings with a nonzero K K
mode or radion.
To discuss 2-to-2 scattering of massive K K modes, we

also need the integrals which dictate how a radion couples
to a pair of spin-2 particles:

b r n 1 n 2 ⌘
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�⇡

d' e
�krc(2|'|+⇡)(@' n 1)(@' n 2)

(33)

The theory lacks an analogous A-Type coupling. N ote
that the exponential factor in the integrand of b r n 1 n 2 is
inconsistent with the orthonormality relations. Conse-
quently, the radion generally couples non-diagonally to
massive spin-2 modes.
Appendix C describes how interactions between 4D

particles are derived from the 5D theory and summarizes
the relevant interactions.

B. T he 5 D O rb if olded T orus

As a first slightly simpler exercise we consider the limit
where the curvature vanishes. Thus we take the limit of
the RS metric (16) as k ! 0 while simultaneously be-
ing careful to maintain a finite first mass m 1, with the
orbifold condition imposed. The 5DO T metric is factor-
izable over R 4⇥ S 1, where the vaccum solution containing
no dependence on the internal dimension,

G
(5DO T )
MN

=

0

@ e

�r̂p
6 (⌘µ⌫ + ˆh µ⌫) 0

0 �

⇣
1 + r̂p

6

⌘2

1

A (34)G
(5DO T )
MN

=

0

@

0

@

0
e

�r̂p
6 (⌘µ⌫ + ˆh µ⌫) 0

0 �

⇣
1 + r̂p

6

⌘2

1

A

1

A

1Mode expansion for gravity 
in a toroidal extra dimension

We will denote latin alphabets as the 5 -D coordinates while greek indices are reserved

for 4-D coordinates. The 4-D part of the metric g µ ⌫ , is expanded in the weak field

approximation around the fl at M ink owsk i metric ⌘ µ ⌫ as g µ ⌫ = ⌘ µ ⌫ + 4D h µ ⌫ , where

4D is a small coupling(weak field expansion parameter). The fields r and ⇢ µ are the

radion and the graviphoton respectively. The 5 -D massless symmetric tensor hM N ,

that satisfies the full 5 -D di↵eomorphism invariance, with 5 transverse degrees of

freedom is split into a tensor hµ ⌫ with two transverse degrees of freedom, a vector

⇢ µ with two transverse degrees of freedom, and a scalar degree of freedom in r . The

5 -D action is given by,

S = M
3
5

Z
d
4
x d y

p

G R
(5)
. (3.2)

We denote the extra dimensional co-ordinate by y . Additionally, G is the deterimant

of the 5 -D metric and R
(5) is the 5 -D Ricci scalar expanded as ˜G M N

R M N , where
˜G M N is the 5 -D metric inverse, and R M N the 5 -D Ricci tensor. We denote the 5 -

D P lanck mass by M 5, which is related to the 4-D P lanck mass by M
3
5 = M

2
P l / L .

The expansion of the metric inverse and determinant is detailed in Appendix A1.

The compactification allows us to expand the fields in fourier modes over the 5 -D

co-ordinates. These read,

h µ ⌫( x , y ) =
1X

n = �1
h µ ⌫ , n( x ) e

i ! n y

h µ 5( x , y ) =
1X

n = �1
⇢ µ ( x , n)e

i ! n y
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1X

n = �1
r ( x , n)e i ! n y (3.3)

where n is an integer that characterizes the mode number with freq uencies !n ⌘

2⇡n
L . The orthogonality of the fourier expansion imposes,

R L

0 d y e
(i ! m y )⇤

e
i ! n y = L � m n.

The field h M N is brok en to a tensor, vector, and a scalar as h µ , ⌫( x ), ⇢ µ ( x ) , r ( x )

respectively. Additionally, reality of the 5 -D fields impose,

h
⇤
µ ⌫ , n = h µ ⌫ , �n , ⇢

⇤
µ , n = ⇢ µ , �n , r

⇤
n = ��n . (3.4)
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2

wave unitarity requirement for the orbifolded torus and
the Randall-Sundrum I model [ ] . In this paper, we pro-
vide the detailed calculation and the extensive technicali-
ties of the work for the orbifolded torus compactification,
leaving the details Randall-Sundrum calculation to a fol-
low up paper. As was also pointed out in the earlier work,
we explictly demonstrate that for a K K theory truncated
at level 2N , scattering amplitudes involving states larger
than 2N grow as s

5, contrary to the earlier speculation
it grows like s

3 . In a subsequent short follow up in [ ] , we
expanded on the Sturm-Liouville problem, and presented
the necessary sum rules that are required to cancel the
amplitudes.

In this expanded follow up, we provide explicit details
of the calculation in full generality. We consider the two
brane RS1 model, extract all the interaction vertices and
couplings between the various 4D fields in the theory upto
quartic order in the coupling expansion, and calculate the
scattering amplitudes in the theory, and elucidate the
subtle nature of cancellations that tame the bad high en-
ergy growth of the scattering amplitudes. N ote that we
calculate scattering amplitudes for all helicity modes ,
not just the longitudinal ones. We show that the radion
plays a special role in the cancellations, in particular,
that it is necessary in order to cancel the amplitudes at
order O(s 3 ), and O(s2). Additionally, we elucidate the
fact that the radion couplings to massive spin-2 particles
are rather special, and that a particular universal combi-
nation of the massless graviton and the radion appears at
O(s 3 ) and O(s2), to cancel these amplitudes. Moreover,
it is shown that giving the radion a non-zero mass naively
raises the cut-o↵ ⇤2. H owever it is likely that a proper
radion stabilization mechanism like the G oldberger-Wise
mechanism will ensure that the cut-o↵ is O⇤1, and will
be the subject of a subsequent follow up.

I I . T H E 5 D RA N D A L L - SU N D RU M M O D E L
A N D I T S W E A K F I E L D E X P A N SI O N

A . G eneral Considerations

Consider a matter-free theory of gravity on a 5D
spacetime with a non-factorizable geometry and an orb-
ifolded compact spatial dimension S

1 (with coordinate
y ). The extra-dimensional coordinate y ranges from�⇡rc

to +⇡rc, where rc is the compactification radius of the ex-
tra dimension. We additionally enforce an orbifold sym-
metry that identifies points ( x , y ) $ ( x ,� y ) and implies
orbifolded fixed points at y = 0 and y = ⇡rc. The orb-
ifold symmetry ensures that we only project out only
even states, i.e the G 5µ and G µ5 components of the met-
ric vanish identically. Sometimes y will be replaced by
a unitless variable ' ⌘ y /rc 2 [ �⇡,⇡ ] . A 4D sheet at
an orbifold fixed point is called a brane and the 5D vol-
ume between the branes is called the bulk. A lower-
case G reek letter (such as µ = 0, 1, 2, 3) denotes a 4D
Lorentz index, whereas an uppercase Latin letter (such

as M = 0, 1, 2, 3, 5) denotes a 5D index.
For the time being, suppose the metric is of the follow-

ing generic form:

G MN =

✓
w ( x , y ) g µ⌫ 0

0 � v ( x , y )2

◆
(1)

This is expressed in coordinates x
M

⌘ ( x µ
, y ) such that

the invariant interval ds2 equals

ds
2 = (G MN )dx M

dx
N = (w g µ⌫)dx

µ
dx

⌫
� ( v 2)dy 2 (2)

The flat 4D metric ⌘µ⌫ = Diag(+1,�1,�1,�1)
raises/ lowers 4D indices, e.g. x µ ⌘ ⌘µ⌫ x

⌫ . Meanwhile,
the inverse metric equals

˜G MN =

✓
˜g µ⌫/w ( x , y ) 0

0 �1/v ( x , y )2

◆
(3)

where we define ˜G ⌘ G
�1 (and ˜g ⌘ g

�1) to ease writing
indices. Several quantities are directly calculable from
G MN . For instance, the Christo↵el symbols, Ricci cur-
vature, and scalar curvature are
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R 5D = ˜G MN
R MN = ˜g 55 R 55 + 2˜g 5µ R 5µ + ˜g µ⌫ R µ⌫ (4)

respectively. When going from the metric to the scalar
curvature, exactly two derivatives are applied in every
term, a fact that proves important when organizing the
eventual 4D e↵ective theory.

Integrals over the 5D spacetime are weighted by the in-
variant volume element

p
det G d

4
x dy , which nicely fac-

tors into a 4D piece and an extra-dimensional piece:

p

det G d
4
x dy =

h
w

2
p

� det g d
4
x

i
· ( v dy ) (5)

The quantity in square brackets is the 4D projection of
the 5D invariant volume element and thereby acts as an
e↵ective 4D volume element at any given value of y . The
y -dependence of w 2 encodes relative warping on di↵erent
4D sheets.

Two Lagrangians concern us at present. The first is
the Einstein-H ilbert Lagrangian L EH, defined as

L EH ⌘
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p
� det g R 5D (6)

where  has units of (Energy)� 3 / 2 and defines the 5D
Planck mass MP l , 5D via 

2
M

3
P l , 5D = 4. The second is

the cosmological constant Lagrangian L CC, which for our
purposes equals

L CC ⌘
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where the coe�cients have reality properties like those of (10.3). The gauge transformations

can be decomposed component by component to yield

�hµ⌫,n = @µ⇠⌫,n + @⌫⇠µ,n, (10.14)

�Aµ,n = @µ⇠n + i!n⇠µ,n, (10.15)

��µ⌫,n = 2i!n⇠n. (10.16)

The zero mode of the 5d gauge parameter ⌅A breaks up into a vector and a scalar, which

become the linear di↵eomorphism invariance ⇠µ,0 of the zero mode graviton hµ⌫,0, and the

Maxwell gauge invariance ⇠0 of the zero mode vector Aµ,0 (the zero mode scalar �0 is gauge in-

variant). The n 6= 0 modes, on the other hand, get transformations of exactly the Stükelberg

form (4.22). The 5d gauge symmetry has become the 4d Stükelberg symmetry.

In fact, the action (10.10) can be written solely in terms of the following gauge invariant

combination for n 6= 0,

hµ⌫,n +
i

!n
(@µA⌫,n + @⌫Aµ,n) � 1

!2
n

@µ@⌫�n, (10.17)

which is just the linear Stükelberg replacement rule. The action (10.10) for the n 6= 0 modes

is precisely the complex version of our Stükelberg action (5.11) for a massive graviton. The

higher modes of the µ5 and 55 components of the 5d metric HAB have become the non-

physical Stükelberg fields, and are pure gauge.

Fixing the unitary gauge Aµ,n = �n = 0 for n 6= 0, and canonically normalizing, we

have
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n + c.c.

�
,

(10.18)

which shows that the theory (after the conformal transformation (4.24) for the zero modes),

consists of a single real massless graviton, a single real massless vector, a single real massless

scalar, and a tower of complex massive Fierz-Pauli gravitons with masses

mn = !n =
2⇡n

L
, n = 1, 2, 3, · · · . (10.19)

100

where the coe�cients have reality properties like those of (10.3). The gauge transformations

can be decomposed component by component to yield

�hµ⌫,n = @µ⇠⌫,n + @⌫⇠µ,n, (10.14)

�Aµ,n = @µ⇠n + i!n⇠µ,n, (10.15)

��µ⌫,n = 2i!n⇠n. (10.16)

The zero mode of the 5d gauge parameter ⌅A breaks up into a vector and a scalar, which

become the linear di↵eomorphism invariance ⇠µ,0 of the zero mode graviton hµ⌫,0, and the

Maxwell gauge invariance ⇠0 of the zero mode vector Aµ,0 (the zero mode scalar �0 is gauge in-

variant). The n 6= 0 modes, on the other hand, get transformations of exactly the Stükelberg
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Compactified theories

Mode expansion for gravity 
in a toroidal extra dimension

We will denote latin alphabets as the 5 -D coordinates while greek indices are reserved

for 4-D coordinates. The 4-D part of the metric g µ ⌫ , is expanded in the weak field

approximation around the fl at M ink owsk i metric ⌘ µ ⌫ as g µ ⌫ = ⌘ µ ⌫ + 4D h µ ⌫ , where

4D is a small coupling(weak field expansion parameter). The fields r and ⇢ µ are the

radion and the graviphoton respectively. The 5 -D massless symmetric tensor hM N ,

that satisfies the full 5 -D di↵eomorphism invariance, with 5 transverse degrees of

freedom is split into a tensor hµ ⌫ with two transverse degrees of freedom, a vector

⇢ µ with two transverse degrees of freedom, and a scalar degree of freedom in r . The

5 -D action is given by,

S = M
3
5

Z
d
4
x d y

p

G R
(5)
. (3.2)

We denote the extra dimensional co-ordinate by y . Additionally, G is the deterimant

of the 5 -D metric and R
(5) is the 5 -D Ricci scalar expanded as ˜G M N

R M N , where
˜G M N is the 5 -D metric inverse, and R M N the 5 -D Ricci tensor. We denote the 5 -

D P lanck mass by M 5, which is related to the 4-D P lanck mass by M
3
5 = M

2
P l / L .

The expansion of the metric inverse and determinant is detailed in Appendix A1.

The compactification allows us to expand the fields in fourier modes over the 5 -D

co-ordinates. These read,

h µ ⌫( x , y ) =
1X

n = �1
h µ ⌫ , n( x ) e

i ! n y

h µ 5( x , y ) =
1X

n = �1
⇢ µ ( x , n)e

i ! n y

h55( x , y ) =
1X

n = �1
r ( x , n)e i ! n y (3.3)

where n is an integer that characterizes the mode number with freq uencies !n ⌘

2⇡n
L . The orthogonality of the fourier expansion imposes,

R L

0 d y e
(i ! m y )⇤

e
i ! n y = L � m n.

The field h M N is brok en to a tensor, vector, and a scalar as h µ , ⌫( x ), ⇢ µ ( x ) , r ( x )

respectively. Additionally, reality of the 5 -D fields impose,

h
⇤
µ ⌫ , n = h µ ⌫ , �n , ⇢

⇤
µ , n = ⇢ µ , �n , r

⇤
n = ��n . (3.4)
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w

2
v

p
� det g R 5D (6)

where  has units of (Energy)� 3 / 2 and defines the 5D
Planck mass MP l , 5D via 

2
M

3
P l , 5D = 4. The second is

the cosmological constant Lagrangian L CC, which for our
purposes equals

L CC ⌘
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2
krc

⇢
2
p

det G (@' | '| )
2
� w

2
p

� det g (@2
'
| '| )

�
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where the coe�cients have reality properties like those of (10.3). The gauge transformations

can be decomposed component by component to yield

�hµ⌫,n = @µ⇠⌫,n + @⌫⇠µ,n, (10.14)

�Aµ,n = @µ⇠n + i!n⇠µ,n, (10.15)

��µ⌫,n = 2i!n⇠n. (10.16)

The zero mode of the 5d gauge parameter ⌅A breaks up into a vector and a scalar, which

become the linear di↵eomorphism invariance ⇠µ,0 of the zero mode graviton hµ⌫,0, and the

Maxwell gauge invariance ⇠0 of the zero mode vector Aµ,0 (the zero mode scalar �0 is gauge in-

variant). The n 6= 0 modes, on the other hand, get transformations of exactly the Stükelberg

form (4.22). The 5d gauge symmetry has become the 4d Stükelberg symmetry.

In fact, the action (10.10) can be written solely in terms of the following gauge invariant

combination for n 6= 0,

hµ⌫,n +
i

!n
(@µA⌫,n + @⌫Aµ,n) � 1

!2
n

@µ@⌫�n, (10.17)

which is just the linear Stükelberg replacement rule. The action (10.10) for the n 6= 0 modes

is precisely the complex version of our Stükelberg action (5.11) for a massive graviton. The

higher modes of the µ5 and 55 components of the 5d metric HAB have become the non-

physical Stükelberg fields, and are pure gauge.

Fixing the unitary gauge Aµ,n = �n = 0 for n 6= 0, and canonically normalizing, we

have
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d4x
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�0j0

+
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⌘
+


1

M4
h0
µ⌫,nt

µ⌫⇤
n + c.c.

�
,

(10.18)

which shows that the theory (after the conformal transformation (4.24) for the zero modes),

consists of a single real massless graviton, a single real massless vector, a single real massless

scalar, and a tower of complex massive Fierz-Pauli gravitons with masses

mn = !n =
2⇡n

L
, n = 1, 2, 3, · · · . (10.19)
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Compactified theories

Mode expansion for gravity 
in a toroidal extra dimension

We will denote latin alphabets as the 5 -D coordinates while greek indices are reserved

for 4-D coordinates. The 4-D part of the metric g µ ⌫ , is expanded in the weak field

approximation around the fl at M ink owsk i metric ⌘ µ ⌫ as g µ ⌫ = ⌘ µ ⌫ + 4D h µ ⌫ , where

4D is a small coupling(weak field expansion parameter). The fields r and ⇢ µ are the

radion and the graviphoton respectively. The 5 -D massless symmetric tensor hM N ,

that satisfies the full 5 -D di↵eomorphism invariance, with 5 transverse degrees of

freedom is split into a tensor hµ ⌫ with two transverse degrees of freedom, a vector

⇢ µ with two transverse degrees of freedom, and a scalar degree of freedom in r . The

5 -D action is given by,

S = M
3
5

Z
d
4
x d y

p

G R
(5)
. (3.2)

We denote the extra dimensional co-ordinate by y . Additionally, G is the deterimant

of the 5 -D metric and R
(5) is the 5 -D Ricci scalar expanded as ˜G M N

R M N , where
˜G M N is the 5 -D metric inverse, and R M N the 5 -D Ricci tensor. We denote the 5 -

D P lanck mass by M 5, which is related to the 4-D P lanck mass by M
3
5 = M

2
P l / L .

The expansion of the metric inverse and determinant is detailed in Appendix A1.

The compactification allows us to expand the fields in fourier modes over the 5 -D

co-ordinates. These read,

h µ ⌫( x , y ) =
1X

n = �1
h µ ⌫ , n( x ) e

i ! n y

h µ 5( x , y ) =
1X

n = �1
⇢ µ ( x , n)e

i ! n y

h55( x , y ) =
1X

n = �1
r ( x , n)e i ! n y (3.3)

where n is an integer that characterizes the mode number with freq uencies !n ⌘

2⇡n
L . The orthogonality of the fourier expansion imposes,

R L

0 d y e
(i ! m y )⇤

e
i ! n y = L � m n.

The field h M N is brok en to a tensor, vector, and a scalar as h µ , ⌫( x ), ⇢ µ ( x ) , r ( x )

respectively. Additionally, reality of the 5 -D fields impose,

h
⇤
µ ⌫ , n = h µ ⌫ , �n , ⇢

⇤
µ , n = ⇢ µ , �n , r

⇤
n = ��n . (3.4)

– 7 –

Graviphoton (massless spin-1 state from g!") has odd  
parity in y and does not play a role in this model 

“graviphoton”

“radion”

O rbif old ing a C omp ac t E x tra D imension, lik e RS

S uppose there exists a compact extra dimension b etween two 4 D
b ranes (at y = 0 and ⇡ r c ) w ith the metric G M N eq ual to...

⌘ M N = Diag(+ 1 ,� 1 ,� 1 ,� 1 ,� 1 ) = ⌘µ⌫ ⌦ ⌘55

at one of those b ranes ( fl at 4D = our 4D) . N ext, orb if old:

C hoose even solutions on [ �⇡ r c ,⇡ r c ] =) massless particles

8 / 38
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Graviphoton (massless spin-1 state from g!") has odd  
parity in y and does not play a role in this model 

“graviphoton”

“radion”

2

wave unitarity requirement for the orbifolded torus and
the Randall-Sundrum I model [ ] . In this paper, we pro-
vide the detailed calculation and the extensive technicali-
ties of the work for the orbifolded torus compactification,
leaving the details Randall-Sundrum calculation to a fol-
low up paper. As was also pointed out in the earlier work,
we explictly demonstrate that for a K K theory truncated
at level 2N , scattering amplitudes involving states larger
than 2N grow as s

5, contrary to the earlier speculation
it grows like s

3 . In a subsequent short follow up in [ ] , we
expanded on the Sturm-Liouville problem, and presented
the necessary sum rules that are required to cancel the
amplitudes.

In this expanded follow up, we provide explicit details
of the calculation in full generality. We consider the two
brane RS1 model, extract all the interaction vertices and
couplings between the various 4D fields in the theory upto
quartic order in the coupling expansion, and calculate the
scattering amplitudes in the theory, and elucidate the
subtle nature of cancellations that tame the bad high en-
ergy growth of the scattering amplitudes. N ote that we
calculate scattering amplitudes for all helicity modes ,
not just the longitudinal ones. We show that the radion
plays a special role in the cancellations, in particular,
that it is necessary in order to cancel the amplitudes at
order O(s 3 ), and O(s2). Additionally, we elucidate the
fact that the radion couplings to massive spin-2 particles
are rather special, and that a particular universal combi-
nation of the massless graviton and the radion appears at
O(s 3 ) and O(s2), to cancel these amplitudes. Moreover,
it is shown that giving the radion a non-zero mass naively
raises the cut-o↵ ⇤2. H owever it is likely that a proper
radion stabilization mechanism like the G oldberger-Wise
mechanism will ensure that the cut-o↵ is O⇤1, and will
be the subject of a subsequent follow up.

I I . T H E 5 D RA N D A L L - SU N D RU M M O D E L
A N D I T S W E A K F I E L D E X P A N SI O N

A . G eneral Considerations

Consider a matter-free theory of gravity on a 5D
spacetime with a non-factorizable geometry and an orb-
ifolded compact spatial dimension S

1 (with coordinate
y ). The extra-dimensional coordinate y ranges from�⇡rc

to +⇡rc, where rc is the compactification radius of the ex-
tra dimension. We additionally enforce an orbifold sym-
metry that identifies points ( x , y ) $ ( x ,� y ) and implies
orbifolded fixed points at y = 0 and y = ⇡rc. The orb-
ifold symmetry ensures that we only project out only
even states, i.e the G 5µ and G µ5 components of the met-
ric vanish identically. Sometimes y will be replaced by
a unitless variable ' ⌘ y /rc 2 [ �⇡,⇡ ] . A 4D sheet at
an orbifold fixed point is called a brane and the 5D vol-
ume between the branes is called the bulk. A lower-
case G reek letter (such as µ = 0, 1, 2, 3) denotes a 4D
Lorentz index, whereas an uppercase Latin letter (such

as M = 0, 1, 2, 3, 5) denotes a 5D index.
For the time being, suppose the metric is of the follow-

ing generic form:

G MN =

✓
w ( x , y ) g µ⌫ 0

0 � v ( x , y )2

◆
(1)

This is expressed in coordinates x
M

⌘ ( x µ
, y ) such that

the invariant interval ds2 equals

ds
2 = (G MN )dx M

dx
N = (w g µ⌫)dx

µ
dx

⌫
� ( v 2)dy 2 (2)

The flat 4D metric ⌘µ⌫ = Diag(+1,�1,�1,�1)
raises/ lowers 4D indices, e.g. x µ ⌘ ⌘µ⌫ x

⌫ . Meanwhile,
the inverse metric equals

˜G MN =

✓
˜g µ⌫/w ( x , y ) 0

0 �1/v ( x , y )2

◆
(3)

where we define ˜G ⌘ G
�1 (and ˜g ⌘ g

�1) to ease writing
indices. Several quantities are directly calculable from
G MN . For instance, the Christo↵el symbols, Ricci cur-
vature, and scalar curvature are

� P

MN
=

1

2
˜G P Q (@M G NQ + @N G MQ � @ Q G MN )

R MN = @N� P

M P
� @ P �

P

MN
+ �P

N Q
� Q

M P
� �P

P Q
� Q

MN

R 5D = ˜G MN
R MN = ˜g 55 R 55 + 2˜g 5µ R 5µ + ˜g µ⌫ R µ⌫ (4)

respectively. When going from the metric to the scalar
curvature, exactly two derivatives are applied in every
term, a fact that proves important when organizing the
eventual 4D e↵ective theory.

Integrals over the 5D spacetime are weighted by the in-
variant volume element

p
det G d

4
x dy , which nicely fac-

tors into a 4D piece and an extra-dimensional piece:

p

det G d
4
x dy =

h
w

2
p

� det g d
4
x

i
· ( v dy ) (5)

The quantity in square brackets is the 4D projection of
the 5D invariant volume element and thereby acts as an
e↵ective 4D volume element at any given value of y . The
y -dependence of w 2 encodes relative warping on di↵erent
4D sheets.

Two Lagrangians concern us at present. The first is
the Einstein-H ilbert Lagrangian L EH, defined as

L EH ⌘
2

2

p

det G R 5D =
2

2
w

2
v

p
� det g R 5D (6)

where  has units of (Energy)� 3 / 2 and defines the 5D
Planck mass MP l , 5D via 

2
M

3
P l , 5D = 4. The second is

the cosmological constant Lagrangian L CC, which for our
purposes equals

L CC ⌘
12

2
krc

⇢
2
p

det G (@' | '| )
2
� w

2
p

� det g (@2
'
| '| )

�

(7 )

where the coe�cients have reality properties like those of (10.3). The gauge transformations

can be decomposed component by component to yield

�hµ⌫,n = @µ⇠⌫,n + @⌫⇠µ,n, (10.14)

�Aµ,n = @µ⇠n + i!n⇠µ,n, (10.15)

��µ⌫,n = 2i!n⇠n. (10.16)

The zero mode of the 5d gauge parameter ⌅A breaks up into a vector and a scalar, which

become the linear di↵eomorphism invariance ⇠µ,0 of the zero mode graviton hµ⌫,0, and the

Maxwell gauge invariance ⇠0 of the zero mode vector Aµ,0 (the zero mode scalar �0 is gauge in-

variant). The n 6= 0 modes, on the other hand, get transformations of exactly the Stükelberg

form (4.22). The 5d gauge symmetry has become the 4d Stükelberg symmetry.

In fact, the action (10.10) can be written solely in terms of the following gauge invariant

combination for n 6= 0,

hµ⌫,n +
i

!n
(@µA⌫,n + @⌫Aµ,n) � 1

!2
n

@µ@⌫�n, (10.17)

which is just the linear Stükelberg replacement rule. The action (10.10) for the n 6= 0 modes

is precisely the complex version of our Stükelberg action (5.11) for a massive graviton. The

higher modes of the µ5 and 55 components of the 5d metric HAB have become the non-

physical Stükelberg fields, and are pure gauge.

Fixing the unitary gauge Aµ,n = �n = 0 for n 6= 0, and canonically normalizing, we

have

S =

Z
d4x

1

2
hµ⌫,0Eµ⌫,↵�h↵�,0 � 1

2
F 2
µ⌫,0 + hµ⌫

0 (@µ@⌫�0 � ⌘µ⌫�0)

+
1

M4
hµ⌫,0t
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2
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Aµ,0j

µ
0 +

1

M4
�0j0

+
1X

n=1

h
0⇤
µ⌫,nEµ⌫,↵�h0

↵�,n � !2
n

⇣��h0
µ⌫,n

��2 � |h0
n|

2
⌘
+


1

M4
h0
µ⌫,nt

µ⌫⇤
n + c.c.

�
,

(10.18)

which shows that the theory (after the conformal transformation (4.24) for the zero modes),

consists of a single real massless graviton, a single real massless vector, a single real massless

scalar, and a tower of complex massive Fierz-Pauli gravitons with masses

mn = !n =
2⇡n

L
, n = 1, 2, 3, · · · . (10.19)
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Compactified theories

D iagrams Relev ant to L ongitu d inal h( n )h( n ) ! h( n )h( n )

There are ten diagrams relevant to aforementioned process, seven
of which diverge as O(s5):

26 / 38

T he Rad ion- M ed iated D iagrams

The remaining three diagrams are radion-mediated and diverge lik e

O(s 3 ), thereb y contrib uting at M(3 )
nn!nn and lower.

I mportant to N ote: W e didn’t include a radion in our previous
dark matter calculation!

29 / 38

Intermediate massless graviton

Intermediate radion

“Seagull”

Expectations for Massive KK 
Spin-2 Modes: Torus

Restating the Problem

Recall: we’re interested in how the high-energy limits of...

Massless 5D Gravity: M2!2 ! O(s)

Massive 4D Gravity: M2!2 ! O(s5)

are consistent despite massless 5D gravity’s KK expansion
involving infinitely many massive spin-2 modes.

To see how this is resolved, we focus on the h
(n)

h
(n)

! h
(n)

h
(n)

pure longitudinal helicity amplitude Mnn!nn at O(2).

Mnn!nn = =
X

k

M
(k)
nn!nn s

k
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M2!2 ! O(
p

N0s)
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KK discrete momentum conservation

6

and the massive wavefunctions go from exponentially-
distorted B essel functions to cosines:

 n =

(
 0 = 1p

2

 n = � cos( n | '| ) 0 < n 2 Z
(35)

with masses given by m n rc = n and coupling  =
p
2⇡rc4D. Without warp factors, not only does

the radion now couple diagonally, but spin-2 interac-
tions satisfy the more general property of discrete K K
number conservation. Explicitly, an H -point vertex
ˆh (n 1) · · · ˆh (n H ) in the 4D e↵ective 5DO T model has van-
ishing coupling if there exists no choice of c i 2 { �1,+1}
such that c 1 n 1 + · · · + c H n H = 0. For example, the
three-point couplings al m n and b l m n are nonzero only
when l = | m ± n | . Therefore, unlike when krc is
nonzero, the 5DO T matrix element M

(5DO T ) for a pro-
cess (k, l ) ! ( m , n ) consists of only finitely many nonzero
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and ⌘
µ⌫ = Diag(+1,�1,�1,�1) is the flat 4D metric.

The Mandelstam variable s ⌘ ( p i 1 + p i 2)
2 = ( E i 1 + E i 2)
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provides a convenient frame-invariant measure of colli-
sion energy.

Tree-level (k, l ) ! ( m , n ) scattering may proceed via
any of several diagrams, which we organize into the sets
described in Fig. 1. The total tree-level matrix element
is thus
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H owever, explicit calculations reveal M j > 0 grows slower
than otherwise expected diagram-by-diagram, such that
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We demonstrate additional cancellations occur when all
diagrams are combined such that the full matrix element
grows linearly in s,
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as expected from the underlying 5D di↵eomorphism in-

variance of L (RS)
5D . To isolate these cancellations, we series
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ˆh (n 1) · · · ˆh (n H ) in the 4D e↵ective 5DO T model has van-
ishing coupling if there exists no choice of c i 2 { �1,+1}
such that c 1 n 1 + · · · + c H n H = 0. For example, the
three-point couplings al m n and b l m n are nonzero only
when l = | m ± n | . Therefore, unlike when krc is
nonzero, the 5DO T matrix element M

(5DO T ) for a pro-
cess (k, l ) ! ( m , n ) consists of only finitely many nonzero
diagrams.
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We investigate tree-level 2-to-2 scattering of helicity-0
massive spin-2 states in the center-of-momentum frame.
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initial pair approach along the z -axis and the final pair
separate along the line described by the angles (✓,�).
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provides a convenient frame-invariant measure of colli-
sion energy.

Tree-level (k, l ) ! ( m , n ) scattering may proceed via
any of several diagrams, which we organize into the sets
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is thus
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At energies much larger than the external masses, the
spin-2 polarizations ✏µ⌫0 , massive spin-2 propagator, and
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We demonstrate additional cancellations occur when all
diagrams are combined such that the full matrix element
grows linearly in s,
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Compactified theories : Scattering amplitudes
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any of several diagrams, which we organize into the sets
described in Fig. 1. The total tree-level matrix element
is thus
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j = 0
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At energies much larger than the external masses, the
spin-2 polarizations ✏µ⌫0 , massive spin-2 propagator, and
A-Type interactions (which contain two spatial deriva-
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and ⌘
µ⌫ = Diag(+1,�1,�1,�1) is the flat 4D metric.

The Mandelstam variable s ⌘ ( p i 1 + p i 2)
2 = ( E i 1 + E i 2)
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provides a convenient frame-invariant measure of colli-
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Tree-level (k, l ) ! ( m , n ) scattering may proceed via
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described in Fig. 1. The total tree-level matrix element
is thus
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We demonstrate additional cancellations occur when all
diagrams are combined such that the full matrix element
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M ⇠ O(s) (50)

as expected from the underlying 5D di↵eomorphism in-
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5D . To isolate these cancellations, we series
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is thus
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spin-2 polarizations ✏µ⌫0 , massive spin-2 propagator, and
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diagrams are combined such that the full matrix element
grows linearly in s,
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the radion now couple diagonally, but spin-2 interac-
tions satisfy the more general property of discrete K K
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ishing coupling if there exists no choice of c i 2 { �1,+1}
such that c 1 n 1 + · · · + c H n H = 0. For example, the
three-point couplings al m n and b l m n are nonzero only
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5D . To isolate these cancellations, we series
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and the massive wavefunctions go from exponentially-
distorted B essel functions to cosines:

 n =

(
 0 = 1p

2

 n = � cos( n | '| ) 0 < n 2 Z
(35)

with masses given by m n rc = n and coupling  =
p
2⇡rc4D. Without warp factors, not only does

the radion now couple diagonally, but spin-2 interac-
tions satisfy the more general property of discrete K K
number conservation. Explicitly, an H -point vertex
ˆh (n 1) · · · ˆh (n H ) in the 4D e↵ective 5DO T model has van-
ishing coupling if there exists no choice of c i 2 { �1,+1}
such that c 1 n 1 + · · · + c H n H = 0. For example, the
three-point couplings al m n and b l m n are nonzero only
when l = | m ± n | . Therefore, unlike when krc is
nonzero, the 5DO T matrix element M

(5DO T ) for a pro-
cess (k, l ) ! ( m , n ) consists of only finitely many nonzero
diagrams.

I V . M A T RI X E L E M E N T S

We investigate tree-level 2-to-2 scattering of helicity-0
massive spin-2 states in the center-of-momentum frame.
For scattering of nonzero K K modes (k, l ) ! ( m , n ), we
choose coordinates such that the initial particle pair have
4-momenta satisfying
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where ~p f ⌘ | ~p f | (sin ✓ cos�, sin ✓ sin�, cos ✓). That is, the
initial pair approach along the z -axis and the final pair
separate along the line described by the angles (✓,�).
The helicity-0 spin-2 polarization tensor ✏µ⌫0 ( p ) for a par-
ticle with 4-momentum p equals
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2 Meanwhile, the propagator for a virtual spin-2 particle
of mass M and 4-momentum P is
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P 2 �M2
(43)
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The phase convention deserves some clarification. F or example,
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provides a convenient frame-invariant measure of colli-
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Tree-level (k, l ) ! ( m , n ) scattering may proceed via
any of several diagrams, which we organize into the sets
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is thus
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spin-2 polarizations ✏µ⌫0 , massive spin-2 propagator, and
A-Type interactions (which contain two spatial deriva-
tives) each grow like O(s). Meanwhile, the B -Type in-
teractions go like O(1) and the massless propagators fall
like O(1/s). Thus, we naively expect

M j > 0 ⇠ O(s 7 ) (46)
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Compactified theories: Orbifolded torus

7

s 5 s 4 s 3 s2

M c o n t a c t �
2 r 7

c
[ 7 + c 2✓ ] s

2
✓

3 0 7 2n 8 ⇡

2 r 5
c
[ 63 �19 6 c 2✓ + 5 c 4 ✓ ]

9 216n 6 ⇡

2 r 3
c
[ �18 5 + 69 2 c 2✓ + 5 c 4 ✓ ]

4 60 8 n 4 ⇡
�

2 r c [ 5 + 4 7 c 2✓ ]
7 2n 2⇡

M 2n
2 r 7

c
[ 7 + c 2✓ ] s

2
✓

9 216n 8 ⇡

2 r 5
c
[ �13 + c 2✓ ] s

2
✓

115 2n 6 ⇡

2 r 3
c
[ 9 7 + 3 c 2✓ ] s

2
✓

115 2n 4 ⇡
2 r c [ �17 9 + 116 c 2✓� c 4 ✓ ]

115 2n 2⇡

M 0
2 r 7

c
[ 7 + c 2✓ ] s

2
✓

4 60 8 n 8 ⇡

2 r 5
c
[ � 9 + 14 0 c 2✓� 3 c 4 ✓ ]

9 216n 6 ⇡

2 r 3
c
[ 15 �27 0 c 2✓� c 4 ✓ ]

23 0 4 n 4 ⇡
2 r c [ 17 5 + 624 c 2✓ + c 4 ✓ ]

115 2n 2⇡

M r a d i o n 0 0 �
2 r 3

c
s 2
✓

64 n 4 ⇡
2 r c [ 7 + c 2✓ ]

9 6n 2⇡

Sum 0 0 0 0

TA B L E I. Cancellations in the ( n , n ) ! ( n , n ) 5 D O T amplitude, where ✓ is the center- of- mass scattering ang le and (c n ✓, s n ✓) =

(cos n ✓, sin n ✓).

expand the diagrams and total matrix element in s, and
label the coe�cients like so:

M(s, ✓) ⌘
X

�2Z
M

(�)
(✓) · s� (51)

In this paper, we will demonstrate that M
(�)

vanishes
for � > 1 and present the residual linear term in s.

V . CA N CE L L A T I O N S A N D H I G H E N E RG Y
G RO W T H O F A M P L I T U D E S

A . Cancellations in the orb if olded torus model

We first analyze the cancellations in the orbifolded
torus. While we have calculated all arbitrary scatter-
ing states, we present the ( n , n ) ! ( n , n ) process due to
the relative simplicity. The full matrix element is,

M
(5DO T )
(n , n )!(n , n ) = M c o n t a c t +M r a d i o n +M 0 +M2n (52)

The principle results were presented in [ ] , here we ex-
pand and provide some additional details of the calcula-
tion. For the process ( n , n ) ! ( n , n ), we summarize the
growth and cancellation of amplitudes at every order in
s
�, starting from � = 5. Due to the K K number con-
servation for the 5DO T, the intermediate states for the
non-contact diagrams can only be a massive 2 n state and
the massless graviton(0 state). In Table I we present the
growth of matrix elements for each diagram for the scat-
tering of longitudinal helicity modes. As expected, we
observe that the contact, as well as diagrams with mas-
sive intermediate propagator and the masless graviton
grow like s

5 as the highest power. H owever the diagram
with a radion intermediate state appears only at O(s 3 ).
N ote that the results for the massive intermediate prop-
agator 2n and the massless graviton are presented after
summing up the s, t and u channel diagrams. At O(s5)
and O(s4), the contact diagrams along with the massive
2n state and the massless graviton state cancel each other
out. The underlying reason for this due to a 4D di↵eo-
morphism invariance being part of the full 5D di↵eomor-
phism. This feature will be clearer when we discuss the
sum rules for cancellation. At order s

3 and s
2 however,

the massless radion plays an important role in the cancel-
lation, which will be elucidated in more detail within the

context of sum rules. In Fig. 2, we present the pattern
of cancellations at every order in s

�, for all phase space
points between (�⇡,⇡) for the scattering of K K states
(2, 2) ! (2, 2). We observe that although the angular
distributions for various individual diagrams are quite
di↵erent, the cancellations between various diagrams is
exact for every phase space point. N otice that the radion
plays a significant role in the cancellations from O(s 3 ).
This cancellation is therefore extremely intricate, and re-
quires a subtle conspiracy between various field degrees
of freedom of the underlying 5D theory. Any calculation
that does not take into account the full field content and
all possible diagrams will encounter a high energy growth
greater than O(s), which is misleading and incorrect.

The only non-zero contribution therefore appears at
O(s). In general, for a process (k, l ) ! ( m , n ) in the
5DO T model,

M
(1)

=
x kl m n 

2

256⇡rc
[ 7 + cos(2✓)] csc2 ✓ (53)

where x kl m n is fully symmetric in its indices, ✓ being the
scatering angle and satisfies

x a a a a = 3, x a a b b = 2, and x a b cd = 1

when discrete K K momentum is conserved, and vanishes
when it is not. For the ( n , n ) ! ( n , n ) scattering there-
fore, we have,

M
(1)(✓) =

32

256⇡rc
[ 7 + cos(2✓)] csc2 ✓ (54)

Since 
2
/(⇡rc) = 8/M2

P l
, the amplitude grows as s/M2

P l

as expected. More importantly, for scattering of ( n , n ) !
( n , n ) states, if we truncate the theory below 2n, the
amplitude will grow as s5, in the absence of the state 2n .
Thus the cut-o↵ scale for this theory is ⇤5, and not ⇤ 3 ,
as suggested in [ ] .
Processes like (1, 4) ! (2, 3) are particularly nice

because discrete K K momentum conservation forbids a
massless intermediate, such that the full matrix element
is devoid of t- and u-channel singularities. For these, we
can directly compute the appropriately normalized par-
tial wave amplitude,

a
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� a � b !�c� d
=

1

32⇡2

Z
d⌦ D
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The principle results were presented in [ ] , here we ex-
pand and provide some additional details of the calcula-
tion. For the process ( n , n ) ! ( n , n ), we summarize the
growth and cancellation of amplitudes at every order in
s
�, starting from � = 5. Due to the K K number con-
servation for the 5DO T, the intermediate states for the
non-contact diagrams can only be a massive 2 n state and
the massless graviton(0 state). In Table I we present the
growth of matrix elements for each diagram for the scat-
tering of longitudinal helicity modes. As expected, we
observe that the contact, as well as diagrams with mas-
sive intermediate propagator and the masless graviton
grow like s

5 as the highest power. H owever the diagram
with a radion intermediate state appears only at O(s 3 ).
N ote that the results for the massive intermediate prop-
agator 2n and the massless graviton are presented after
summing up the s, t and u channel diagrams. At O(s5)
and O(s4), the contact diagrams along with the massive
2n state and the massless graviton state cancel each other
out. The underlying reason for this due to a 4D di↵eo-
morphism invariance being part of the full 5D di↵eomor-
phism. This feature will be clearer when we discuss the
sum rules for cancellation. At order s

3 and s
2 however,

the massless radion plays an important role in the cancel-
lation, which will be elucidated in more detail within the

context of sum rules. In Fig. 2, we present the pattern
of cancellations at every order in s

�, for all phase space
points between (�⇡,⇡) for the scattering of K K states
(2, 2) ! (2, 2). We observe that although the angular
distributions for various individual diagrams are quite
di↵erent, the cancellations between various diagrams is
exact for every phase space point. N otice that the radion
plays a significant role in the cancellations from O(s 3 ).
This cancellation is therefore extremely intricate, and re-
quires a subtle conspiracy between various field degrees
of freedom of the underlying 5D theory. Any calculation
that does not take into account the full field content and
all possible diagrams will encounter a high energy growth
greater than O(s), which is misleading and incorrect.

The only non-zero contribution therefore appears at
O(s). In general, for a process (k, l ) ! ( m , n ) in the
5DO T model,

M
(1)

=
x kl m n 

2

256⇡rc
[ 7 + cos(2✓)] csc2 ✓ (53)

where x kl m n is fully symmetric in its indices, ✓ being the
scatering angle and satisfies

x a a a a = 3, x a a b b = 2, and x a b cd = 1

when discrete K K momentum is conserved, and vanishes
when it is not. For the ( n , n ) ! ( n , n ) scattering there-
fore, we have,

M
(1)(✓) =

32

256⇡rc
[ 7 + cos(2✓)] csc2 ✓ (54)

Since 
2
/(⇡rc) = 8/M2

P l
, the amplitude grows as s/M2

P l

as expected. More importantly, for scattering of ( n , n ) !
( n , n ) states, if we truncate the theory below 2n, the
amplitude will grow as s5, in the absence of the state 2n .
Thus the cut-o↵ scale for this theory is ⇤5, and not ⇤ 3 ,
as suggested in [ ] .
Processes like (1, 4) ! (2, 3) are particularly nice

because discrete K K momentum conservation forbids a
massless intermediate, such that the full matrix element
is devoid of t- and u-channel singularities. For these, we
can directly compute the appropriately normalized par-
tial wave amplitude,

a
J

� a � b !�c� d
=

1

32⇡2

Z
d⌦ D

J

� i � f
(✓,�)M a � b !�c� d

(s, ✓,�) ,

(55)

Amplitude grows as

7

s 5 s 4 s 3 s2

M c o n t a c t �
2 r 7

c
[ 7 + c 2✓ ] s

2
✓

3 0 7 2n 8 ⇡

2 r 5
c
[ 63 �19 6 c 2✓ + 5 c 4 ✓ ]

9 216n 6 ⇡

2 r 3
c
[ �18 5 + 69 2 c 2✓ + 5 c 4 ✓ ]

4 60 8 n 4 ⇡
�

2 r c [ 5 + 4 7 c 2✓ ]
7 2n 2⇡

M 2n
2 r 7

c
[ 7 + c 2✓ ] s

2
✓

9 216n 8 ⇡

2 r 5
c
[ �13 + c 2✓ ] s

2
✓
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✓
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2 r 7

c
[ 7 + c 2✓ ] s

2
✓

4 60 8 n 8 ⇡

2 r 5
c
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TA B L E I. Cancellations in the ( n , n ) ! ( n , n ) 5 D O T amplitude, where ✓ is the center- of- mass scattering ang le and (c n ✓, s n ✓) =

(cos n ✓, sin n ✓).

expand the diagrams and total matrix element in s, and
label the coe�cients like so:

M(s, ✓) ⌘
X

�2Z
M

(�)
(✓) · s� (51)

In this paper, we will demonstrate that M
(�)

vanishes
for � > 1 and present the residual linear term in s.
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A . Cancellations in the orb if olded torus model

We first analyze the cancellations in the orbifolded
torus. While we have calculated all arbitrary scatter-
ing states, we present the ( n , n ) ! ( n , n ) process due to
the relative simplicity. The full matrix element is,

M
(5DO T )
(n , n )!(n , n ) = M c o n t a c t +M r a d i o n +M 0 +M2n (52)

The principle results were presented in [ ] , here we ex-
pand and provide some additional details of the calcula-
tion. For the process ( n , n ) ! ( n , n ), we summarize the
growth and cancellation of amplitudes at every order in
s
�, starting from � = 5. Due to the K K number con-
servation for the 5DO T, the intermediate states for the
non-contact diagrams can only be a massive 2 n state and
the massless graviton(0 state). In Table I we present the
growth of matrix elements for each diagram for the scat-
tering of longitudinal helicity modes. As expected, we
observe that the contact, as well as diagrams with mas-
sive intermediate propagator and the masless graviton
grow like s

5 as the highest power. H owever the diagram
with a radion intermediate state appears only at O(s 3 ).
N ote that the results for the massive intermediate prop-
agator 2n and the massless graviton are presented after
summing up the s, t and u channel diagrams. At O(s5)
and O(s4), the contact diagrams along with the massive
2n state and the massless graviton state cancel each other
out. The underlying reason for this due to a 4D di↵eo-
morphism invariance being part of the full 5D di↵eomor-
phism. This feature will be clearer when we discuss the
sum rules for cancellation. At order s

3 and s
2 however,

the massless radion plays an important role in the cancel-
lation, which will be elucidated in more detail within the

context of sum rules. In Fig. 2, we present the pattern
of cancellations at every order in s

�, for all phase space
points between (�⇡,⇡) for the scattering of K K states
(2, 2) ! (2, 2). We observe that although the angular
distributions for various individual diagrams are quite
di↵erent, the cancellations between various diagrams is
exact for every phase space point. N otice that the radion
plays a significant role in the cancellations from O(s 3 ).
This cancellation is therefore extremely intricate, and re-
quires a subtle conspiracy between various field degrees
of freedom of the underlying 5D theory. Any calculation
that does not take into account the full field content and
all possible diagrams will encounter a high energy growth
greater than O(s), which is misleading and incorrect.

The only non-zero contribution therefore appears at
O(s). In general, for a process (k, l ) ! ( m , n ) in the
5DO T model,

M
(1)

=
x kl m n 

2

256⇡rc
[ 7 + cos(2✓)] csc2 ✓ (53)

where x kl m n is fully symmetric in its indices, ✓ being the
scatering angle and satisfies

x a a a a = 3, x a a b b = 2, and x a b cd = 1

when discrete K K momentum is conserved, and vanishes
when it is not. For the ( n , n ) ! ( n , n ) scattering there-
fore, we have,

M
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[ 7 + cos(2✓)] csc2 ✓ (54)

Since 
2
/(⇡rc) = 8/M2

P l
, the amplitude grows as s/M2
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as expected. More importantly, for scattering of ( n , n ) !
( n , n ) states, if we truncate the theory below 2n, the
amplitude will grow as s5, in the absence of the state 2n .
Thus the cut-o↵ scale for this theory is ⇤5, and not ⇤ 3 ,
as suggested in [ ] .
Processes like (1, 4) ! (2, 3) are particularly nice

because discrete K K momentum conservation forbids a
massless intermediate, such that the full matrix element
is devoid of t- and u-channel singularities. For these, we
can directly compute the appropriately normalized par-
tial wave amplitude,

a
J

� a � b !�c� d
=
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� i � f
(✓,�)M a � b !�c� d
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If truncated below 2n : 

s5 s4 s3 s2

Mcontact !!2r7c [7+c2!]s
2
!

3072n8"
!2r5c [63!196c2!+5c4!]

9216n6"
!2r3c [!185+692c2!+5c4!]

4608n4"
!!2rc[5+47c2!]

72n2"

M2n
!2r7c [7+c2!]s

2
!

9216n8"

!2r5c [!13+c2!]s
2
!

1152n6"

!2r3c [97+3c2!]s
2
!

1152n4"
!2rc[!179+116c2!!c4!]

1152n2"

M0
!2r7c [7+c2!]s

2
!

4608n8"
!2r5c [!9+140c2!!3c4!]

9216n6"
!2r3c [15!270c2!!c4!]

2304n4"
!2rc[175+624c2!+c4!]

1152n2"

Mradion 0 0 !!2r3cs
2
!

64n4"
!2rc[7+c2!]

96n2"

Sum 0 0 0 0

TABLE I. Cancellations in the (n, n) " (n, n) 5DOT amplitude, where ! is the center-of-mass

scattering angle and (cn#, sn#) = (cosn!, sinn!).

tributions growing as fast as s5. Instead, there are cancellations
2
which lead to the total

amplitude’s growing only like s. Note the amplitude is proportional to !2/"rc = 8/M2
Pl, and

is hence suppressed by the 4D Planck scale.

Additional calculations confirm cancellations that tamp growth down to O(s) for other

2 ! 2 scattering processes as well, including processes like (1, 4) ! (2, 3) to which the radion

and graviton cannot contribute due to KK number conservation. For processes lacking t-

and u-channel IR divergences, we can directly compute the properly normalized partial-wave

helicity amplitude [23]

aJ!a!b!!c!d
=

1

32!2

!
d! DJ

!i!f
(",#)Ma!b!!c!d

(s, ",#) , (5)

We find the largest (helicity-0, spin-0) partial wave amplitude has the leading behavior

aJ=0
00!00(14 ! 23) =

s

M2
Pl

ln
"
sr2c

#
+ . . . . (6)

From this we conclude that 4D 2 ! 2 scattering amplitudes from the 5DOT become large

at s " M2
Pl.

Finally, while each individual scattering amplitude grows only like s, as in the case of

compactified Yang-Mills theory [24] there are coupled channels of the first N KK modes

whose scattering amplitudes grow like Ns/M2
Pl. Following [24], by identifying N #

$
src

we recover the expected s3/2/M3
5 growth underlying five-dimensional gravity—and directly

demonstrate the theory is valid up to a scale !3/2 = M5 as suggested in [13].

2
Note that the radion contributes at O(s3) as shown in [13]. However, if the theory is truncated below level

2n, the 2nth KK mode is absent and its contributions from the second row of Table I are not included.

Thus, the total amplitude in the truncated theory grows like O(s5) – not like O(s3) as [13] had suggested.

6

s5 s4 s3 s2

Mcontact !!2r7c [7+c2!]s
2
!

3072n8"
!2r5c [63!196c2!+5c4!]

9216n6"
!2r3c [!185+692c2!+5c4!]

4608n4"
!!2rc[5+47c2!]

72n2"

M2n
!2r7c [7+c2!]s

2
!

9216n8"

!2r5c [!13+c2!]s
2
!

1152n6"

!2r3c [97+3c2!]s
2
!

1152n4"
!2rc[!179+116c2!!c4!]

1152n2"

M0
!2r7c [7+c2!]s

2
!

4608n8"
!2r5c [!9+140c2!!3c4!]

9216n6"
!2r3c [15!270c2!!c4!]

2304n4"
!2rc[175+624c2!+c4!]

1152n2"

Mradion 0 0 !!2r3cs
2
!

64n4"
!2rc[7+c2!]

96n2"

Sum 0 0 0 0

n

n

n

n

x
n

n

n

n

x

n

n n

n

x

n

n

n

n

FIG. 1. Feynman diagrams contributing to nn ! nn level spin-2 KK boson scattering. In the

orbifold torus model, the intermediate states x include the radion, the massless graviton, and the

KK-mode at level 2n.

between 5D fields become 3-point and 4-point interactions between various KK modes pro-

portional to integrals of products of wavefunctions. For this flat internal space, discrete KK

momentum conservation restricts the non-zero interaction vertices, e.g. a 3-point vertex

attached to modes with KK numbers l,m, n is only nonzero when l = |m± n|.

As an explicit example, consider the tree-level elastic scattering amplitude M of KK
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graviton, or the radion; these sums of s-, t-, and u-channel exchange diagrams are labeled
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M = M2n +M0 +Mradion +Mcontact

!
+5!

k=!"
M(k) · sk . (3)

and present the results for each class of diagrams in Table I. By including all intermediate
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= M(4)

= M(3)
= M(2)

= 0

M(1)
(!) =

3"2
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[7 + cos(2!)] csc2 ! .

(4)

As anticipated, the amplitude does not grow like s5 (or even s3) despite individual con-
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Sum will reproduce expected E3 behavior
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is hence suppressed by the 4D Planck scale.

Additional calculations confirm cancellations that tamp growth down to O(s) for other

2 ! 2 scattering processes as well, including processes like (1, 4) ! (2, 3) to which the radion

and graviton cannot contribute due to KK number conservation. For processes lacking t-

and u-channel IR divergences, we can directly compute the properly normalized partial-wave

helicity amplitude [23]

aJ!a!b!!c!d
=

1

32!2

!
d! DJ

!i!f
(",#)Ma!b!!c!d

(s, ",#) , (5)

We find the largest (helicity-0, spin-0) partial wave amplitude has the leading behavior

aJ=0
00!00(14 ! 23) =

s

M2
Pl

ln
"
sr2c

#
+ . . . . (6)
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Finally, while each individual scattering amplitude grows only like s, as in the case of

compactified Yang-Mills theory [24] there are coupled channels of the first N KK modes

whose scattering amplitudes grow like Ns/M2
Pl. Following [24], by identifying N #
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we recover the expected s3/2/M3
5 growth underlying five-dimensional gravity—and directly

demonstrate the theory is valid up to a scale !3/2 = M5 as suggested in [13].
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Note that the radion contributes at O(s3) as shown in [13]. However, if the theory is truncated below level
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5 growth underlying five-dimensional gravity—and directly
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6

10



Compactified Extra Dimensions : Orbifolded torus 8

FIG. 2. Cancellations in the orbifolded torus model for

(2, 2) ! (2, 2) KK states. (Clockwise) From top left O(s 5 �

�s2). The radion starts to contribute only at O(s 3 ).

where �i (f ) = �a (c)��b (d ), are the initial and final helicity
states, and the Wigner D functions are normalized in the
usual way,

Z
d⌦ D

J

�1�2
(✓,�).D J

0⇤
�10�2

(✓,�) =
4⇡

2J + 1
� J J 0��1�10

(56)
The leading partial wave amplitude is obtained for J = 0,
which gives us ,

a
J = 0
0 0 ! 0 0 (14 ! 23) =

s

M
2
P l

ln
�
sr

2
c

�
+ . . . . (57 )

Partial wave unitarity demands that the real part of the
amplitude must be bounded by unity, and therefore we
conclude that the 4D 2 ! 2 scattering becomes strongly
coupled at s ⇠ M

2
P l
. We need one more step to complete

this analysis from a 5D perspective. While each indi-
vidual scattering amplitude grows only like s, as in the
case of compactified Y ang-Mills theory there are coupled
channels of the first N K K modes whose scattering am-
plitudes grow like Ns/M

2
P l
. Identifying N /

p
src, the

expected s
3 / 2

/M
3
5 growth is recovered for the underly-

ing five-dimensional gravityand directly demonstrate the
theory is valid up to a scale ⇤ 3 / 2. Phenomenologically,
the 5DO T torus model as described here is unviable as
the radion, a massless scalar would couple directly to the
stress energy tensor in a theory with matter. Therefore
without a proper stabilization mechanism that provides
the radion a mass, this theory would be equivalent to a
B rans-Dicke like theory.

B. Cancellations in the Randall Sundrum model

While the calculation for the RS model proceeds in
the same way as the torus, the convenience of the K K
momentum conservation is not present anymore. The
wave functions for the RS model are obtained by solv-
ing the Sturm-Liouville problem, and are a combination
of the B essel functions J and Y . The spectrum con-
sists of a massless graviton and a radion, along with a
tower of massive spin-2 states, which unlike the 5DO T
are not uniformly distributed. Moreover, as described
in Appendix. ??, the 3 point and the 4 point couplings

FIG. 3. Cancellations in the RS for (1, 1) ! (1, 1) KK states.

(Clockwise) From top left O(s 5 � s2). The radion starts to

contribute only at O(s 3 ).

are overlap integrals of wave functions which consist of
a combination B essel functions, which need to be eval-
uated numerically. The coupling forms and the tensor
structures are presented in Appendix. ??. N otably while
the massless graviton couples only diagonally, the radion
couples to all intermediate K K states.

Since we no longer have K K number conservation, all
intermediate massive propagators contribute, and need
to be included for the cancellations to take place accu-
rately. H ence we needed a very high degree of numerical
accuracy in our calculation. The problem is compounded
by the sheer number of terms for every intermediate K K
mode (O(10k)) due to the tensor structures at cubic or-
der in coupling. We present the results for scattering of
(1, 1) ! (1, 1) by Laurent expanding the matrix elements
in powers of s. The matrix elements that need to be com-
puted are the same as, Fig. ??, the caveat now being all
intermediate states contribute to this process. Therefore,
we study the convergence of the amplitude as a function
of the maximum number intermediate K K state Nm a x .
In Fig. 3, we present the cancellations in amplitudes for
scattering of (1, 1) ! (1, 1), from O(s5 � s

2), as a func-
tion of the number of the intermediate states NK K . The
plots are separated in two categories, first the contact
diagram dubbed SG , and the sum of s, t, u channel dia-
grams with increasing number of K K states. At order s5

and s
4, only the contact diagram and the diagrams with

and arbitrary number of massive intermediate K K states
contribute. The y axis represents the matrix element in
arbitrary units. We separate the contact diagram in the
black solid line , while the sum of all diagrams (including
the contact) are represented in various colors as a func-
tion of N K K . We observe that at O(s5) � O(s4), the
overall matrix element keeps going down as the number
of intermediate K K modes go up. The convergence is
quite fast, and in fact only the first few modes ensure
cancellations by orders of magnitude. We include up to
100 intermediate K K modes, and observe that the cancel-
lations can be obtained down to machine precision level.
In general, we find that by truncating the intermediate
propagators at N m a x � 10, the sum of amplitudes for the
residual higher mode number scale as,

M
(k)
Nm a x

/ O

✓
1

N
2k+1
m a x

◆
, k 2 (2, 3, 4, 5) (58)
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TA B L E I. Cancellations in the ( n , n ) ! ( n , n ) 5 D O T amplitude, where ✓ is the center- of- mass scattering ang le and (c n ✓, s n ✓) =

(cos n ✓, sin n ✓).

expand the diagrams and total matrix element in s, and
label the coe�cients like so:

M(s, ✓) ⌘
X

�2Z
M

(�)
(✓) · s� (51)

In this paper, we will demonstrate that M
(�)

vanishes
for � > 1 and present the residual linear term in s.

V . CA N CE L L A T I O N S A N D H I G H E N E RG Y
G RO W T H O F A M P L I T U D E S

A . Cancellations in the orb if olded torus model

We first analyze the cancellations in the orbifolded
torus. While we have calculated all arbitrary scatter-
ing states, we present the ( n , n ) ! ( n , n ) process due to
the relative simplicity. The full matrix element is,

M
(5DO T )
(n , n )!(n , n ) = M c o n t a c t +M r a d i o n +M 0 +M2n (52)

The principle results were presented in [ ] , here we ex-
pand and provide some additional details of the calcula-
tion. For the process ( n , n ) ! ( n , n ), we summarize the
growth and cancellation of amplitudes at every order in
s
�, starting from � = 5. Due to the K K number con-
servation for the 5DO T, the intermediate states for the
non-contact diagrams can only be a massive 2 n state and
the massless graviton(0 state). In Table I we present the
growth of matrix elements for each diagram for the scat-
tering of longitudinal helicity modes. As expected, we
observe that the contact, as well as diagrams with mas-
sive intermediate propagator and the masless graviton
grow like s

5 as the highest power. H owever the diagram
with a radion intermediate state appears only at O(s 3 ).
N ote that the results for the massive intermediate prop-
agator 2n and the massless graviton are presented after
summing up the s, t and u channel diagrams. At O(s5)
and O(s4), the contact diagrams along with the massive
2n state and the massless graviton state cancel each other
out. The underlying reason for this due to a 4D di↵eo-
morphism invariance being part of the full 5D di↵eomor-
phism. This feature will be clearer when we discuss the
sum rules for cancellation. At order s

3 and s
2 however,

the massless radion plays an important role in the cancel-
lation, which will be elucidated in more detail within the

context of sum rules. In Fig. 2, we present the pattern
of cancellations at every order in s

�, for all phase space
points between (�⇡,⇡) for the scattering of K K states
(2, 2) ! (2, 2). We observe that although the angular
distributions for various individual diagrams are quite
di↵erent, the cancellations between various diagrams is
exact for every phase space point. N otice that the radion
plays a significant role in the cancellations from O(s 3 ).
This cancellation is therefore extremely intricate, and re-
quires a subtle conspiracy between various field degrees
of freedom of the underlying 5D theory. Any calculation
that does not take into account the full field content and
all possible diagrams will encounter a high energy growth
greater than O(s), which is misleading and incorrect.

The only non-zero contribution therefore appears at
O(s). In general, for a process (k, l ) ! ( m , n ) in the
5DO T model,

M
(1)

=
x kl m n 

2

256⇡rc
[ 7 + cos(2✓)] csc2 ✓ (53)

where x kl m n is fully symmetric in its indices, ✓ being the
scatering angle and satisfies

x a a a a = 3, x a a b b = 2, and x a b cd = 1

when discrete K K momentum is conserved, and vanishes
when it is not. For the ( n , n ) ! ( n , n ) scattering there-
fore, we have,

M
(1)(✓) =

32

256⇡rc
[ 7 + cos(2✓)] csc2 ✓ (54)

Since 
2
/(⇡rc) = 8/M2

P l
, the amplitude grows as s/M2

P l

as expected. More importantly, for scattering of ( n , n ) !
( n , n ) states, if we truncate the theory below 2n, the
amplitude will grow as s5, in the absence of the state 2n .
Thus the cut-o↵ scale for this theory is ⇤5, and not ⇤ 3 ,
as suggested in [ ] .

Processes like (1, 4) ! (2, 3) are particularly nice
because discrete K K momentum conservation forbids a
massless intermediate, such that the full matrix element
is devoid of t- and u-channel singularities. For these, we
can directly compute the appropriately normalized par-
tial wave amplitude,

a
J

� a � b !�c� d
=

1

32⇡2

Z
d⌦ D

J

� i � f
(✓,�)M a � b !�c� d

(s, ✓,�) ,

(55)
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FIG. 2. Cancellations in the orbifolded torus model for

(2, 2) ! (2, 2) KK states. (Clockwise) From top left O(s 5 �

�s2). The radion starts to contribute only at O(s 3 ).

where �i (f ) = �a (c)��b (d ), are the initial and final helicity
states, and the Wigner D functions are normalized in the
usual way,

Z
d⌦ D

J

�1�2
(✓,�).D J

0⇤
�10�2

(✓,�) =
4⇡

2J + 1
� J J 0��1�10

(56)
The leading partial wave amplitude is obtained for J = 0,
which gives us ,

a
J = 0
0 0 ! 0 0 (14 ! 23) =

s

M
2
P l

ln
�
sr

2
c

�
+ . . . . (57 )

Partial wave unitarity demands that the real part of the
amplitude must be bounded by unity, and therefore we
conclude that the 4D 2 ! 2 scattering becomes strongly
coupled at s ⇠ M

2
P l
. We need one more step to complete

this analysis from a 5D perspective. While each indi-
vidual scattering amplitude grows only like s, as in the
case of compactified Y ang-Mills theory there are coupled
channels of the first N K K modes whose scattering am-
plitudes grow like Ns/M

2
P l
. Identifying N /

p
src, the

expected s
3 / 2

/M
3
5 growth is recovered for the underly-

ing five-dimensional gravityand directly demonstrate the
theory is valid up to a scale ⇤ 3 / 2. Phenomenologically,
the 5DO T torus model as described here is unviable as
the radion, a massless scalar would couple directly to the
stress energy tensor in a theory with matter. Therefore
without a proper stabilization mechanism that provides
the radion a mass, this theory would be equivalent to a
B rans-Dicke like theory.

B. Cancellations in the Randall Sundrum model

While the calculation for the RS model proceeds in
the same way as the torus, the convenience of the K K
momentum conservation is not present anymore. The
wave functions for the RS model are obtained by solv-
ing the Sturm-Liouville problem, and are a combination
of the B essel functions J and Y . The spectrum con-
sists of a massless graviton and a radion, along with a
tower of massive spin-2 states, which unlike the 5DO T
are not uniformly distributed. Moreover, as described
in Appendix. ??, the 3 point and the 4 point couplings

FIG. 3. Cancellations in the RS for (1, 1) ! (1, 1) KK states.

(Clockwise) From top left O(s 5 � s2). The radion starts to

contribute only at O(s 3 ).

are overlap integrals of wave functions which consist of
a combination B essel functions, which need to be eval-
uated numerically. The coupling forms and the tensor
structures are presented in Appendix. ??. N otably while
the massless graviton couples only diagonally, the radion
couples to all intermediate K K states.

Since we no longer have K K number conservation, all
intermediate massive propagators contribute, and need
to be included for the cancellations to take place accu-
rately. H ence we needed a very high degree of numerical
accuracy in our calculation. The problem is compounded
by the sheer number of terms for every intermediate K K
mode (O(10k)) due to the tensor structures at cubic or-
der in coupling. We present the results for scattering of
(1, 1) ! (1, 1) by Laurent expanding the matrix elements
in powers of s. The matrix elements that need to be com-
puted are the same as, Fig. ??, the caveat now being all
intermediate states contribute to this process. Therefore,
we study the convergence of the amplitude as a function
of the maximum number intermediate K K state Nm a x .
In Fig. 3, we present the cancellations in amplitudes for
scattering of (1, 1) ! (1, 1), from O(s5 � s

2), as a func-
tion of the number of the intermediate states NK K . The
plots are separated in two categories, first the contact
diagram dubbed SG , and the sum of s, t, u channel dia-
grams with increasing number of K K states. At order s5

and s
4, only the contact diagram and the diagrams with

and arbitrary number of massive intermediate K K states
contribute. The y axis represents the matrix element in
arbitrary units. We separate the contact diagram in the
black solid line , while the sum of all diagrams (including
the contact) are represented in various colors as a func-
tion of N K K . We observe that at O(s5) � O(s4), the
overall matrix element keeps going down as the number
of intermediate K K modes go up. The convergence is
quite fast, and in fact only the first few modes ensure
cancellations by orders of magnitude. We include up to
100 intermediate K K modes, and observe that the cancel-
lations can be obtained down to machine precision level.
In general, we find that by truncating the intermediate
propagators at N m a x � 10, the sum of amplitudes for the
residual higher mode number scale as,

M
(k)
Nm a x

/ O

✓
1

N
2k+1
m a x

◆
, k 2 (2, 3, 4, 5) (58)
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where �i (f ) = �a (c)��b (d ), are the initial and final helicity
states, and the Wigner D functions are normalized in the
usual way,
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The leading partial wave amplitude is obtained for J = 0,
which gives us ,

a
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0 0 ! 0 0 (14 ! 23) =
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+ . . . . (57 )

Partial wave unitarity demands that the real part of the
amplitude must be bounded by unity, and therefore we
conclude that the 4D 2 ! 2 scattering becomes strongly
coupled at s ⇠ M

2
P l
. We need one more step to complete

this analysis from a 5D perspective. While each indi-
vidual scattering amplitude grows only like s, as in the
case of compactified Y ang-Mills theory there are coupled
channels of the first N K K modes whose scattering am-
plitudes grow like Ns/M

2
P l
. Identifying N /

p
src, the

expected s
3 / 2

/M
3
5 growth is recovered for the underly-

ing five-dimensional gravityand directly demonstrate the
theory is valid up to a scale ⇤ 3 / 2. Phenomenologically,
the 5DO T torus model as described here is unviable as
the radion, a massless scalar would couple directly to the
stress energy tensor in a theory with matter. Therefore
without a proper stabilization mechanism that provides
the radion a mass, this theory would be equivalent to a
B rans-Dicke like theory.

B. Cancellations in the Randall Sundrum model

While the calculation for the RS model proceeds in
the same way as the torus, the convenience of the K K
momentum conservation is not present anymore. The
wave functions for the RS model are obtained by solv-
ing the Sturm-Liouville problem, and are a combination
of the B essel functions J and Y . The spectrum con-
sists of a massless graviton and a radion, along with a
tower of massive spin-2 states, which unlike the 5DO T
are not uniformly distributed. Moreover, as described
in Appendix. ??, the 3 point and the 4 point couplings

FIG. 3. Cancellations in the RS for (1, 1) ! (1, 1) KK states.

(Clockwise) From top left O(s 5 � s2). The radion starts to

contribute only at O(s 3 ).

are overlap integrals of wave functions which consist of
a combination B essel functions, which need to be eval-
uated numerically. The coupling forms and the tensor
structures are presented in Appendix. ??. N otably while
the massless graviton couples only diagonally, the radion
couples to all intermediate K K states.
Since we no longer have K K number conservation, all

intermediate massive propagators contribute, and need
to be included for the cancellations to take place accu-
rately. H ence we needed a very high degree of numerical
accuracy in our calculation. The problem is compounded
by the sheer number of terms for every intermediate K K
mode (O(10k)) due to the tensor structures at cubic or-
der in coupling. We present the results for scattering of
(1, 1) ! (1, 1) by Laurent expanding the matrix elements
in powers of s. The matrix elements that need to be com-
puted are the same as, Fig. ??, the caveat now being all
intermediate states contribute to this process. Therefore,
we study the convergence of the amplitude as a function
of the maximum number intermediate K K state Nm a x .
In Fig. 3, we present the cancellations in amplitudes for
scattering of (1, 1) ! (1, 1), from O(s5 � s

2), as a func-
tion of the number of the intermediate states NK K . The
plots are separated in two categories, first the contact
diagram dubbed SG , and the sum of s, t, u channel dia-
grams with increasing number of K K states. At order s5

and s
4, only the contact diagram and the diagrams with

and arbitrary number of massive intermediate K K states
contribute. The y axis represents the matrix element in
arbitrary units. We separate the contact diagram in the
black solid line , while the sum of all diagrams (including
the contact) are represented in various colors as a func-
tion of N K K . We observe that at O(s5) � O(s4), the
overall matrix element keeps going down as the number
of intermediate K K modes go up. The convergence is
quite fast, and in fact only the first few modes ensure
cancellations by orders of magnitude. We include up to
100 intermediate K K modes, and observe that the cancel-
lations can be obtained down to machine precision level.
In general, we find that by truncating the intermediate
propagators at N m a x � 10, the sum of amplitudes for the
residual higher mode number scale as,
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Nm a x

/ O

✓
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N
2k+1
m a x

◆
, k 2 (2, 3, 4, 5) (58)

where we have used the standard trick of introducing a complete set of intermediate

states and summing over them. Then, from the S matrix unitarity relation we obtain

the general form of the optical theorem

Mi!f �M†
f!i = �i

X

X

Z
d⇧X

LIPS(2⇡)
4�4(pi � pX)Mi!XM†

X!f (1.6)

This relation is exact and would hold if we could compute the amplitudes non-

perturbatively. It should also hold order-by-order in perturbation theory, though.

The case of interest to us is the one where f ⌘ i. Then, the last relation becomes

2Im [Mi!i] = �i
X

X

Z
d⇧X

LIPS(2⇡)
4�4(pi � pX) |Mi!X |2 (1.7)

For 2 $ 2 reactions, and working in the CM frame, we can as usual integrate over

all kinematic variables except for the angle ✓ between the collision axis and the final

state momenta. The last equation then acquires a simpler form (we can also exchange

the dummy index X with f to be consistent with most of the literature)

2Im [Mi!i] =

X

f

�f

Z
d cos ✓

16⇡
|Mi!f |2 (1.8)

where �f reads

�f =

p
[s� (m1 +m2)

2] [s� (m1 �m2)
2]

s
(1.9)

This equation relates the forward (cos ✓ = 1) scattering amplitude for an elastic

process to the total cross section.

2 Partial wave expansion and helicity amplitudes

The scattering amplitudes for 2 ! 2 processes can be expanded in partial waves as

Mi!f (s, cos ✓) = 8⇡
1X

j=0

(2j + 1)T j
i!f (s)d

j
�f�i

(✓) (2.1)

where j is the total angular momentum of the final state (2-body) system, �i and �f

are the initial and final state (again, 2-body system) helicities and d are the Wigner

functions. Multiplying both sides of the equation by dj
0

�f�i
(✓), integrating over d cos ✓

from �1 to 1 and using the identity

Z 1

�1

d cos ✓ dj�f�i
(✓)dj

0

�f�i
(✓) =

2

2j + 1
�j0j (2.2)
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FIG. 2. Cancellations in the orbifolded torus model for

(2, 2) ! (2, 2) KK states. (Clockwise) From top left O(s 5 �

�s2). The radion starts to contribute only at O(s 3 ).

where �i (f ) = �a (c)��b (d ), are the initial and final helicity
states, and the Wigner D functions are normalized in the
usual way,
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The leading partial wave amplitude is obtained for J = 0,
which gives us ,

a
J = 0
0 0 ! 0 0 (14 ! 23) =

s

M
2
P l

ln
�
sr

2
c

�
+ . . . . (57 )

Partial wave unitarity demands that the real part of the
amplitude must be bounded by unity, and therefore we
conclude that the 4D 2 ! 2 scattering becomes strongly
coupled at s ⇠ M

2
P l
. We need one more step to complete

this analysis from a 5D perspective. While each indi-
vidual scattering amplitude grows only like s, as in the
case of compactified Y ang-Mills theory there are coupled
channels of the first N K K modes whose scattering am-
plitudes grow like Ns/M

2
P l
. Identifying N /

p
src, the

expected s
3 / 2

/M
3
5 growth is recovered for the underly-

ing five-dimensional gravityand directly demonstrate the
theory is valid up to a scale ⇤ 3 / 2. Phenomenologically,
the 5DO T torus model as described here is unviable as
the radion, a massless scalar would couple directly to the
stress energy tensor in a theory with matter. Therefore
without a proper stabilization mechanism that provides
the radion a mass, this theory would be equivalent to a
B rans-Dicke like theory.

B. Cancellations in the Randall Sundrum model

While the calculation for the RS model proceeds in
the same way as the torus, the convenience of the K K
momentum conservation is not present anymore. The
wave functions for the RS model are obtained by solv-
ing the Sturm-Liouville problem, and are a combination
of the B essel functions J and Y . The spectrum con-
sists of a massless graviton and a radion, along with a
tower of massive spin-2 states, which unlike the 5DO T
are not uniformly distributed. Moreover, as described
in Appendix. ??, the 3 point and the 4 point couplings
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(Clockwise) From top left O(s 5 � s2). The radion starts to

contribute only at O(s 3 ).

are overlap integrals of wave functions which consist of
a combination B essel functions, which need to be eval-
uated numerically. The coupling forms and the tensor
structures are presented in Appendix. ??. N otably while
the massless graviton couples only diagonally, the radion
couples to all intermediate K K states.
Since we no longer have K K number conservation, all

intermediate massive propagators contribute, and need
to be included for the cancellations to take place accu-
rately. H ence we needed a very high degree of numerical
accuracy in our calculation. The problem is compounded
by the sheer number of terms for every intermediate K K
mode (O(10k)) due to the tensor structures at cubic or-
der in coupling. We present the results for scattering of
(1, 1) ! (1, 1) by Laurent expanding the matrix elements
in powers of s. The matrix elements that need to be com-
puted are the same as, Fig. ??, the caveat now being all
intermediate states contribute to this process. Therefore,
we study the convergence of the amplitude as a function
of the maximum number intermediate K K state Nm a x .
In Fig. 3, we present the cancellations in amplitudes for
scattering of (1, 1) ! (1, 1), from O(s5 � s

2), as a func-
tion of the number of the intermediate states NK K . The
plots are separated in two categories, first the contact
diagram dubbed SG , and the sum of s, t, u channel dia-
grams with increasing number of K K states. At order s5

and s
4, only the contact diagram and the diagrams with

and arbitrary number of massive intermediate K K states
contribute. The y axis represents the matrix element in
arbitrary units. We separate the contact diagram in the
black solid line , while the sum of all diagrams (including
the contact) are represented in various colors as a func-
tion of N K K . We observe that at O(s5) � O(s4), the
overall matrix element keeps going down as the number
of intermediate K K modes go up. The convergence is
quite fast, and in fact only the first few modes ensure
cancellations by orders of magnitude. We include up to
100 intermediate K K modes, and observe that the cancel-
lations can be obtained down to machine precision level.
In general, we find that by truncating the intermediate
propagators at N m a x � 10, the sum of amplitudes for the
residual higher mode number scale as,
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where �i (f ) = �a (c)��b (d ), are the initial and final helicity
states, and the Wigner D functions are normalized in the
usual way,
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The leading partial wave amplitude is obtained for J = 0,
which gives us ,

a
J = 0
0 0 ! 0 0 (14 ! 23) =
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Partial wave unitarity demands that the real part of the
amplitude must be bounded by unity, and therefore we
conclude that the 4D 2 ! 2 scattering becomes strongly
coupled at s ⇠ M

2
P l
. We need one more step to complete

this analysis from a 5D perspective. While each indi-
vidual scattering amplitude grows only like s, as in the
case of compactified Y ang-Mills theory there are coupled
channels of the first N K K modes whose scattering am-
plitudes grow like Ns/M

2
P l
. Identifying N /

p
src, the

expected s
3 / 2

/M
3
5 growth is recovered for the underly-

ing five-dimensional gravityand directly demonstrate the
theory is valid up to a scale ⇤ 3 / 2. Phenomenologically,
the 5DO T torus model as described here is unviable as
the radion, a massless scalar would couple directly to the
stress energy tensor in a theory with matter. Therefore
without a proper stabilization mechanism that provides
the radion a mass, this theory would be equivalent to a
B rans-Dicke like theory.

B. Cancellations in the Randall Sundrum model

While the calculation for the RS model proceeds in
the same way as the torus, the convenience of the K K
momentum conservation is not present anymore. The
wave functions for the RS model are obtained by solv-
ing the Sturm-Liouville problem, and are a combination
of the B essel functions J and Y . The spectrum con-
sists of a massless graviton and a radion, along with a
tower of massive spin-2 states, which unlike the 5DO T
are not uniformly distributed. Moreover, as described
in Appendix. ??, the 3 point and the 4 point couplings
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contribute only at O(s 3 ).

are overlap integrals of wave functions which consist of
a combination B essel functions, which need to be eval-
uated numerically. The coupling forms and the tensor
structures are presented in Appendix. ??. N otably while
the massless graviton couples only diagonally, the radion
couples to all intermediate K K states.
Since we no longer have K K number conservation, all

intermediate massive propagators contribute, and need
to be included for the cancellations to take place accu-
rately. H ence we needed a very high degree of numerical
accuracy in our calculation. The problem is compounded
by the sheer number of terms for every intermediate K K
mode (O(10k)) due to the tensor structures at cubic or-
der in coupling. We present the results for scattering of
(1, 1) ! (1, 1) by Laurent expanding the matrix elements
in powers of s. The matrix elements that need to be com-
puted are the same as, Fig. ??, the caveat now being all
intermediate states contribute to this process. Therefore,
we study the convergence of the amplitude as a function
of the maximum number intermediate K K state Nm a x .
In Fig. 3, we present the cancellations in amplitudes for
scattering of (1, 1) ! (1, 1), from O(s5 � s

2), as a func-
tion of the number of the intermediate states NK K . The
plots are separated in two categories, first the contact
diagram dubbed SG , and the sum of s, t, u channel dia-
grams with increasing number of K K states. At order s5

and s
4, only the contact diagram and the diagrams with

and arbitrary number of massive intermediate K K states
contribute. The y axis represents the matrix element in
arbitrary units. We separate the contact diagram in the
black solid line , while the sum of all diagrams (including
the contact) are represented in various colors as a func-
tion of N K K . We observe that at O(s5) � O(s4), the
overall matrix element keeps going down as the number
of intermediate K K modes go up. The convergence is
quite fast, and in fact only the first few modes ensure
cancellations by orders of magnitude. We include up to
100 intermediate K K modes, and observe that the cancel-
lations can be obtained down to machine precision level.
In general, we find that by truncating the intermediate
propagators at N m a x � 10, the sum of amplitudes for the
residual higher mode number scale as,
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quite fast, and in fact only the first few modes ensure
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Compactified theories: Randall Sundrum model

3

L CC generates two types of terms. There are terms pro-
portional to | y |

0 2 which provide a 5D cosmological con-
stant in the bulk and terms proportional to | y |

00 which
generate tension on the branes (a prime indicates di↵er-
entiation with respect to y , e.g. f

0 = @y f ). Combining
these Lagrangians yields the matter-free 5D theory:

L 5D = L EH + L CC (8)

The 4D e↵ective theory is then defined from the action:

S =

Z
d
4
x


dy L 5D

�
⌘

Z
d
4
x L

(e↵)
4D (9)

i.e. by integrating L 5D across the extra dimension. A
nonzero L CC is necessary to cancel terms from L EH that
would otherwise generate a nonzero 4D cosmological con-
stant in the e↵ective theory. We do not yet consider sta-
bilizing the geometry, which would require an additional
Lagrangian with a bulk scalar. Additionally, although
the functions w ( x , y ), and v ( x , y ) are written in it’s most
general form, solution of Einstein’s equation and the re-
quirement of a vanishing e↵ective 4D cosmological con-
stant force the solutions to be either flat, or one with
negative curvature, i.e, over an ADS space.

B. T he Randall- Sundrum M odel

To be more specific, the vacuum solution of the
Randall-Sundrum (RS) model equals

⌘
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⌘
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(10)

for coordinates x M = (x µ
, y ), where the nonzero warping

parameter k has units (Energy)+1. The vacuum solution,
along with the tuned brane tension terms yield a vanish-
ing cosmological constant. In the way we have set up the
problem, Eq. 8 and autmoatically ensure that this is the
case.
In conformal co-ordinates ( x µ

, z ) , the RS metric, a
patch of A DS 5 can be written as,

ds
2 =

L
2

z 2
(⌘µ⌫dx

µ
dx

⌫
� dz

2) (11)

The conformal transformations z ! �z , x
µ
! �x

µ, leave
the metric invariant. After orbifold projection the above
metric can be written as,

ds
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(⌘µ⌫dx

µ
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� dz
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where L ⇠ 1/k is the curvature of the ADS space. The
zero mode graviton is localized at the Planck brane y = 0
( z = 0 in conformal coordinates), while the ‘TeV’ (IR)
brane is located at y = ⇡rc. The Planck brane and the
TeV brane breaks the conformal invariance of the RS

model explicitly. In a variant of the RS model, generally
called the RS2 model, the IR brane is sent to infinity( z !

1) , such that conformal invariance in restored on one
side of the A DS 5 patch. This construction then describes
gravity localized on an infinite fifth dimension being dual
to a broken strongly coupled CFT and an e↵ective 4D
gravity.
In order to study the interactions of the e↵ective 4D

theory, we need a convenient way to describe the met-
ric fluctuations. Metric fluctuations are obtained by
perturbing the vacuum with field-dependent functions
weighted by the parameter . A judicious choice of met-
ric perturbation helps in simplifying the kinetic and mass
terms as well as the interaction terms originating from
the Ricci scalar 1. For example, consider perturbing g µ⌫

in G MN about the flat background ⌘µ⌫ ,

g µ⌫ ⌘ ⌘µ⌫ + ˆh µ⌫ (13)

where the symmetric tensor field ˆh µ⌫( x , y ) is the 5D
graviton field. If Eq. (13) is the only appearance of
ˆh µ⌫ in the perturbed metric, then the theory automati-
cally possesses the correct graviton physics. This is our
motivation for distinguishing w ( x , y ) and g µ⌫ within Eq.
(1) in the first place.

As for the rest of G (RS)
MN

, we choose to utilize the Ein-
stein frame parameterization, defined by

w ( x , y ) = e
�2(k|y|+û)

v ( x , y ) = 1 + 2û (14)

where

û( x , y ) ⌘
 r̂

2
p
6
e
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The Einstein frame parameterization is advantageous
because it directly yields a canonical 4D e↵ective La-
grangian. At the level of the metric, this parameteriza-
tion equals

G
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The scalar field r̂( x , y ) in û( x , y ) describes the 5D radion
field. Unlike the 5D graviton field, the 5D radion field
can be made y -independent via a gauge transformation
such that r̂( x , y ) = r̂( x ). Additionally, the graviton and

1
Consider the metric perturbation over the background ⌘MN in

conformal coordinates in RS, GMN = A2
(z)(⌘MN + hMN ). An

expansion of the determinant and the Ricci scalar yields kinetic

and mass terms as well as interactions for the 4D graviton and the

radion. However it turns out that there are non-trivial mixing

terms between the graviton an the radion. This is a generic

feature of the expansion, and the mixing needs to be eliminated

by a field redefinition. While for a simple torus compactification

a linear shift, hµ⌫ ! hµ⌫ +
1p
6
r su�ces, the corresponding shift

is much more complicated for the RS. In particular it needs a

two derivative shift over the radion fields.
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i.e. by integrating L 5D across the extra dimension. A
nonzero L CC is necessary to cancel terms from L EH that
would otherwise generate a nonzero 4D cosmological con-
stant in the e↵ective theory. We do not yet consider sta-
bilizing the geometry, which would require an additional
Lagrangian with a bulk scalar. Additionally, although
the functions w ( x , y ), and v ( x , y ) are written in it’s most
general form, solution of Einstein’s equation and the re-
quirement of a vanishing e↵ective 4D cosmological con-
stant force the solutions to be either flat, or one with
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zero mode graviton is localized at the Planck brane y = 0
( z = 0 in conformal coordinates), while the ‘TeV’ (IR)
brane is located at y = ⇡rc. The Planck brane and the
TeV brane breaks the conformal invariance of the RS
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side of the A DS 5 patch. This construction then describes
gravity localized on an infinite fifth dimension being dual
to a broken strongly coupled CFT and an e↵ective 4D
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ric fluctuations. Metric fluctuations are obtained by
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i.e. by integrating L 5D across the extra dimension. A
nonzero L CC is necessary to cancel terms from L EH that
would otherwise generate a nonzero 4D cosmological con-
stant in the e↵ective theory. We do not yet consider sta-
bilizing the geometry, which would require an additional
Lagrangian with a bulk scalar. Additionally, although
the functions w ( x , y ), and v ( x , y ) are written in it’s most
general form, solution of Einstein’s equation and the re-
quirement of a vanishing e↵ective 4D cosmological con-
stant force the solutions to be either flat, or one with
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where L ⇠ 1/k is the curvature of the ADS space. The
zero mode graviton is localized at the Planck brane y = 0
( z = 0 in conformal coordinates), while the ‘TeV’ (IR)
brane is located at y = ⇡rc. The Planck brane and the
TeV brane breaks the conformal invariance of the RS

model explicitly. In a variant of the RS model, generally
called the RS2 model, the IR brane is sent to infinity( z !

1) , such that conformal invariance in restored on one
side of the A DS 5 patch. This construction then describes
gravity localized on an infinite fifth dimension being dual
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In order to study the interactions of the e↵ective 4D
theory, we need a convenient way to describe the met-
ric fluctuations. Metric fluctuations are obtained by
perturbing the vacuum with field-dependent functions
weighted by the parameter . A judicious choice of met-
ric perturbation helps in simplifying the kinetic and mass
terms as well as the interaction terms originating from
the Ricci scalar 1. For example, consider perturbing g µ⌫

in G MN about the flat background ⌘µ⌫ ,

g µ⌫ ⌘ ⌘µ⌫ + ˆh µ⌫ (13)

where the symmetric tensor field ˆh µ⌫( x , y ) is the 5D
graviton field. If Eq. (13) is the only appearance of
ˆh µ⌫ in the perturbed metric, then the theory automati-
cally possesses the correct graviton physics. This is our
motivation for distinguishing w ( x , y ) and g µ⌫ within Eq.
(1) in the first place.

As for the rest of G (RS)
MN

, we choose to utilize the Ein-
stein frame parameterization, defined by

w ( x , y ) = e
�2(k|y|+û)

v ( x , y ) = 1 + 2û (14)

where
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The Einstein frame parameterization is advantageous
because it directly yields a canonical 4D e↵ective La-
grangian. At the level of the metric, this parameteriza-
tion equals
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The scalar field r̂( x , y ) in û( x , y ) describes the 5D radion
field. Unlike the 5D graviton field, the 5D radion field
can be made y -independent via a gauge transformation
such that r̂( x , y ) = r̂( x ). Additionally, the graviton and

1
Consider the metric perturbation over the background ⌘MN in

conformal coordinates in RS, GMN = A2
(z)(⌘MN + hMN ). An

expansion of the determinant and the Ricci scalar yields kinetic

and mass terms as well as interactions for the 4D graviton and the

radion. However it turns out that there are non-trivial mixing

terms between the graviton an the radion. This is a generic

feature of the expansion, and the mixing needs to be eliminated

by a field redefinition. While for a simple torus compactification

a linear shift, hµ⌫ ! hµ⌫ +
1p
6
r su�ces, the corresponding shift

is much more complicated for the RS. In particular it needs a

two derivative shift over the radion fields.
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L CC generates two types of terms. There are terms pro-
portional to | y |

0 2 which provide a 5D cosmological con-
stant in the bulk and terms proportional to | y |

00 which
generate tension on the branes (a prime indicates di↵er-
entiation with respect to y , e.g. f

0 = @y f ). Combining
these Lagrangians yields the matter-free 5D theory:

L 5D = L EH + L CC (8)

The 4D e↵ective theory is then defined from the action:

S =
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i.e. by integrating L 5D across the extra dimension. A
nonzero L CC is necessary to cancel terms from L EH that
would otherwise generate a nonzero 4D cosmological con-
stant in the e↵ective theory. We do not yet consider sta-
bilizing the geometry, which would require an additional
Lagrangian with a bulk scalar. Additionally, although
the functions w ( x , y ), and v ( x , y ) are written in it’s most
general form, solution of Einstein’s equation and the re-
quirement of a vanishing e↵ective 4D cosmological con-
stant force the solutions to be either flat, or one with
negative curvature, i.e, over an ADS space.

B. T he Randall- Sundrum M odel

To be more specific, the vacuum solution of the
Randall-Sundrum (RS) model equals
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for coordinates x M = (x µ
, y ), where the nonzero warping

parameter k has units (Energy)+1. The vacuum solution,
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û( x , y ) ⌘
 r̂

2
p
6
e
+k(2|y|�⇡rc) (15)

The Einstein frame parameterization is advantageous
because it directly yields a canonical 4D e↵ective La-
grangian. At the level of the metric, this parameteriza-
tion equals

G
(RS)
MN

=

✓
e
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Figure 4: The generation of an exponential hierarchy.

This term corresponds to the 4D action, so that we can read o↵ the value
of the e↵ective 4D Planck mass:

M
2
Pl

= (1� e
�2kL)M3

/k.

We see that it weakly depends on the size of the extra dimension L, provided
kL is moderately large.

Putting our two last results together, we see that the weak scale is ex-
ponentially suppressed along the extra dimension, while the gravity scale is
mostly independent of it (see fig.4).

In conclusion, in a theory where the values of all the bare parameters
(M,⇤,�1, v) are determined by the Planck scale, an exponential hierarchy
can be naturally generated between the weak and the gravity scales. Thus
the Randall-Sundrum model provides an original solution to the Hierarchy
Problem.

Remarkably, the e↵ective Planck mass remains finite even if we take the
decompactification limit L!1. This case where there is only one brane is
known as the Randall-Sundrum II model (RS2). The fact that there could
be an infinite extra dimension and still a 4D gravity as we experience it
results from the localization of gravity around the brane at y = 0, which we
now turn our attention to.
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TABLE I. Cancellations in the (n, n) " (n, n) 5DOT amplitude, where ! is the center-of-mass

scattering angle and (cn#, sn#) = (cosn!, sinn!).

Bulk and brane cosmological constants are added to the action to ensure the e!ective 4D

background remains flat.5 The following RS1 metric generalizes the earlier 5DOT metric

(which is recovered by taking krc ! 0 with finite rc) [30]

GMN =

!

"#
e!2(k|y|+û)

$
!µ! + "ĥµ!

%
0

0 !(1 + 2û)2

&

'(

û " "r̂

2
#
6
e+k(2|y|!"rc) . (7)

and is similarly canonical by construction. The new parameter k has dimensions of mass

and determines the curvature of the internal AdS5 space.

In the ‘large krc limit’ (krc ! 5), the KKmode masses equalmn = kxne
!krc", where xn are

zeroes of the Bessel function of the first kind. The location of the IR (TeV) brane determines

an emergent scale "" " MPle
!krc" that controls the radion and KK mode coupling strengths.

"" is exponentially suppressed relative to the 4D Planck scale that determines graviton

couplings (M2
Pl = M3

5/k at large krc). As we will show directly massive spin-2 scattering

amplitudes in RS1 are suppressed by "".

Computing massive spin-2 scattering amplitudes in RS1 proceeds much like in the 5DOT,

but with fewer conveniences (e.g., see [31]). Since the internal space is curved, the harmonic

functions are related to Bessel functions, but the resulting spectrum is similar to that of the

5DOT: a massless radion and graviton, and a tower of massive spin-2 KK states labeled by

the number of nodes across the internal space. However, in RS1 there is no analog of KK

momentum conservation, and so there are nonzero 3- and 4-point interactions between almost

5
Here we address 5D gravity and ignore matter.
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&

'(
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states we find (here ! is the center-of-mass scattering angle)

M
(5)

= M
(4)

= M
(3)

= M
(2)

= 0

M
(1)

(!) =
3"2

256#rc
[7 + cos(2!)] csc2 ! .

(4)

As anticipated, the amplitude does not grow like s5 (or even s3) despite individual con-

tributions growing as fast as s5. Instead, there are cancellations
4
which lead to the total

amplitude’s growing only like s. Note the amplitude is proportional to "2/#rc = 8/M2
Pl, and

is hence suppressed by the 4D Planck scale.

Additional calculations confirm cancellations that tamp growth down to O(s) for other

2 ! 2 scattering processes as well, including processes like (1, 4) ! (2, 3) to which the radion

and graviton cannot contribute due to KK number conservation. For processes lacking t-

and u-channel IR divergences, we can directly compute the properly normalized partial-wave

helicity amplitude [28]

aJ!a!b!!c!d
=

1

32#2

!
d! DJ

!i!f
(!,$)Ma!b!!c!d

(s, !,$) , (5)

We find the largest (helicity-0, spin-0) partial wave amplitude has the leading behavior

aJ=0
00!00(14 ! 23) =

s

M2
Pl

ln
"
sr2c

#
+ . . . . (6)

From this we conclude that 4D 2 ! 2 scattering amplitudes from the 5DOT become large

at s " M2
Pl.

Finally, while each individual scattering amplitude grows only like s, as in the case of

compactified Yang-Mills theory [29] there are coupled channels of the first N KK modes

whose scattering amplitudes grow like Ns/M2
Pl. Following [29], by identifying N #

$
src

we recover the expected s3/2/M3
5 growth underlying five-dimensional gravity—and directly

demonstrate the theory is valid up to a scale !3/2 = M5 as suggested in [13].

ANTI-DESITTER SPACE

Next consider the analogous calculation in RS1 [24]. RS1 is a truncated and orbifolded

Anti-de-Sitter space (AdS5), bounded on either end by UV (Planck) and IR (TeV) branes.

4
Note that the radion contributes at O(s3) as shown in [13]. However, if the theory is truncated below level

2n, the 2nth KK mode is absent and its contributions from the second row of Table I are not included.

Thus, the total amplitude in the truncated theory grows like O(s5) – not like O(s3) as [13] had suggested.
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and is similarly canonical by construction. The new parameter k has dimensions of mass

and determines the curvature of the internal AdS5 space.
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!krc", where xn are
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an emergent scale "" " MPle
!krc" that controls the radion and KK mode coupling strengths.
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5/k at large krc). As we will show directly massive spin-2 scattering

amplitudes in RS1 are suppressed by "".
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but with fewer conveniences (e.g., see [31]). Since the internal space is curved, the harmonic

functions are related to Bessel functions, but the resulting spectrum is similar to that of the
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the number of nodes across the internal space. However, in RS1 there is no analog of KK

momentum conservation, and so there are nonzero 3- and 4-point interactions between almost

5
Here we address 5D gravity and ignore matter.

7

mn = kxne
!krc"Mass spectrum

Randall, Sundrum, 1999 
Randall, Poratti, Arkani Hamed , 2002 
Rattazzi 2003 

Einstein Frame

Invariance

z (y)=0 (UV  brane), z= zc    (IR brane)  : z is loosely an RG parameter 
UV and IR branes break conformal invariance explicitly 
RS2 -> Send IR brane to infinity

Low energy cut o! parametrically lower than MPl  

Mass spectrum

Randall, Sundrum, 1999 
Randall, Poratti, Arkani Hamed , 2002 
Rattazzi 2003 

Einstein Frame

Invariance

z (y)=0 (UV  brane), z= zc    (IR brane)  : z is loosely an RG parameter 
UV and IR branes break conformal invariance explicitly 
RS2 -> Send IR brane to infinity

Low energy cut o! parametrically lower than MPl  

s5 s4 s3 s2

Mcontact !!2r7c [7+c2!]s
2
!

3072n8"
!2r5c [63!196c2!+5c4!]

9216n6"
!2r3c [!185+692c2!+5c4!]

4608n4"
!!2rc[5+47c2!]

72n2"

M2n
!2r7c [7+c2!]s

2
!

9216n8"

!2r5c [!13+c2!]s
2
!

1152n6"

!2r3c [97+3c2!]s
2
!

1152n4"
!2rc[!179+116c2!!c4!]

1152n2"

M0
!2r7c [7+c2!]s

2
!

4608n8"
!2r5c [!9+140c2!!3c4!]

9216n6"
!2r3c [15!270c2!!c4!]

2304n4"
!2rc[175+624c2!+c4!]

1152n2"

Mradion 0 0 !!2r3cs
2
!

64n4"
!2rc[7+c2!]

96n2"

Sum 0 0 0 0

TABLE I. Cancellations in the (n, n) " (n, n) 5DOT amplitude, where ! is the center-of-mass

scattering angle and (cn#, sn#) = (cosn!, sinn!).

Bulk and brane cosmological constants are added to the action to ensure the e!ective 4D

background remains flat.5 The following RS1 metric generalizes the earlier 5DOT metric

(which is recovered by taking krc ! 0 with finite rc) [30]

GMN =

!

"#
e!2(k|y|+û)
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Compactified theories: Randall Sundrum model
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Compactified theories: Randall Sundrum model
8

FIG. 2. Cancellations in the orbifolded torus model for

(2, 2) ! (2, 2) KK states. (Clockwise) From top left O(s 5 �

�s2). The radion starts to contribute only at O(s 3 ).

where �i (f ) = �a (c)��b (d ), are the initial and final helicity
states, and the Wigner D functions are normalized in the
usual way,

Z
d⌦ D

J

�1�2
(✓,�).D J

0⇤
�10�2

(✓,�) =
4⇡

2J + 1
� J J 0��1�10

(56)
The leading partial wave amplitude is obtained for J = 0,
which gives us ,

a
J = 0
0 0 ! 0 0 (14 ! 23) =

s

M
2
P l

ln
�
sr

2
c

�
+ . . . . (57 )

Partial wave unitarity demands that the real part of the
amplitude must be bounded by unity, and therefore we
conclude that the 4D 2 ! 2 scattering becomes strongly
coupled at s ⇠ M

2
P l
. We need one more step to complete

this analysis from a 5D perspective. While each indi-
vidual scattering amplitude grows only like s, as in the
case of compactified Y ang-Mills theory there are coupled
channels of the first N K K modes whose scattering am-
plitudes grow like Ns/M

2
P l
. Identifying N /

p
src, the

expected s
3 / 2

/M
3
5 growth is recovered for the underly-

ing five-dimensional gravityand directly demonstrate the
theory is valid up to a scale ⇤ 3 / 2. Phenomenologically,
the 5DO T torus model as described here is unviable as
the radion, a massless scalar would couple directly to the
stress energy tensor in a theory with matter. Therefore
without a proper stabilization mechanism that provides
the radion a mass, this theory would be equivalent to a
B rans-Dicke like theory.

B. Cancellations in the Randall Sundrum model

While the calculation for the RS model proceeds in
the same way as the torus, the convenience of the K K
momentum conservation is not present anymore. The
wave functions for the RS model are obtained by solv-
ing the Sturm-Liouville problem, and are a combination
of the B essel functions J and Y . The spectrum con-
sists of a massless graviton and a radion, along with a
tower of massive spin-2 states, which unlike the 5DO T
are not uniformly distributed. Moreover, as described
in Appendix. ??, the 3 point and the 4 point couplings

FIG. 3. Cancellations in the RS for (1, 1) ! (1, 1) KK states.

(Clockwise) From top left O(s 5 � s2). The radion starts to

contribute only at O(s 3 ).

are overlap integrals of wave functions which consist of
a combination B essel functions, which need to be eval-
uated numerically. The coupling forms and the tensor
structures are presented in Appendix. ??. N otably while
the massless graviton couples only diagonally, the radion
couples to all intermediate K K states.
Since we no longer have K K number conservation, all

intermediate massive propagators contribute, and need
to be included for the cancellations to take place accu-
rately. H ence we needed a very high degree of numerical
accuracy in our calculation. The problem is compounded
by the sheer number of terms for every intermediate K K
mode (O(10k)) due to the tensor structures at cubic or-
der in coupling. We present the results for scattering of
(1, 1) ! (1, 1) by Laurent expanding the matrix elements
in powers of s. The matrix elements that need to be com-
puted are the same as, Fig. ??, the caveat now being all
intermediate states contribute to this process. Therefore,
we study the convergence of the amplitude as a function
of the maximum number intermediate K K state Nm a x .
In Fig. 3, we present the cancellations in amplitudes for
scattering of (1, 1) ! (1, 1), from O(s5 � s

2), as a func-
tion of the number of the intermediate states NK K . The
plots are separated in two categories, first the contact
diagram dubbed SG , and the sum of s, t, u channel dia-
grams with increasing number of K K states. At order s5

and s
4, only the contact diagram and the diagrams with

and arbitrary number of massive intermediate K K states
contribute. The y axis represents the matrix element in
arbitrary units. We separate the contact diagram in the
black solid line , while the sum of all diagrams (including
the contact) are represented in various colors as a func-
tion of N K K . We observe that at O(s5) � O(s4), the
overall matrix element keeps going down as the number
of intermediate K K modes go up. The convergence is
quite fast, and in fact only the first few modes ensure
cancellations by orders of magnitude. We include up to
100 intermediate K K modes, and observe that the cancel-
lations can be obtained down to machine precision level.
In general, we find that by truncating the intermediate
propagators at N m a x � 10, the sum of amplitudes for the
residual higher mode number scale as,

M
(k)
Nm a x

/ O

✓
1

N
2k+1
m a x

◆
, k 2 (2, 3, 4, 5) (58)

Cance$ations a function of intermediate KK states, idea$y sum to infinity, limited by machine precision 

all combinations of 4D particles. Furthermore, the overlap integrals that accompany these

interactions (containing three or four wavefunctions each) cannot be performed analytically.

Investigating an RS1 scattering amplitude therefore requires extensive numerical accuracy,

which in turn demands accurate evaluation of the relevant highly-oscillatory wavefunctions

and their overlap integrals. This di!culty is amplified by the large number of terms in each

contribution: every intermediate KK mode contributes over 9300 terms to the scattering

amplitude even before we substitute polarizations and momenta or Laurent expand – then

we must sum over all intermediate KK modes.

Consider the KK scattering amplitude (1, 1) ! (1, 1) in RS1, and its expansion as a

Laurent series per Eqn. (3). Because KK momentum is not conserved in RS1, all KK

modes contribute as intermediate states to this amplitude. In practice, therefore, we study

the convergence of the amplitude as a function of Nmax, the maximum KK level included as

an intermediate state. From this perspective, we verify that cancellations in RS1 proceed just

as they do in the 5DOT. In particular, we find that the contribution of the Nth intermediate

KK mode to sk-like growth of the scattering amplitude scales like 1/N2k+2
for k " {2, 3, 4, 5}.

By truncating at level Nmax #> 10 and summing over the states of higher mode number, we

find the residual amplitude therefore scales like

M
(k)

Nmax
$ O

!
1

N2k+1
max

"
, (8)

for each k " {2, 3, 4, 5} and these contributions all vanish in the Nmax ! % limit. By

contrast, M
(1)

converges to a finite result and the leading contribution to the amplitude

scales like s1 as expected.

We also find that the angular dependence of M
(1)
(!) is exactly the same as in the toroidal

case. Dividing M
(1)

by its toroidal equivalent (with fixed MPl and m1), we can then scale

from Eqn. (6) to estimate the scale of validity of this 4D RS1 EFT calculation. We have

done so for a number of di"erent scattering amplitudes, and in all cases we find the 4D

scattering amplitudes become strong at an energy scale
&
s ' #! – verifying directly that

the cuto" scale for the RS1 e"ective field theory, as determined by the exclusive scattering

amplitudes, is controlled by #!.

A detailed discussion of the limits of the 4D RS1 EFT, as well as an analysis of the

truncation errors arising from summing over a finite number of intermediate states and

considering a coupled-channel analysis, will be given in a subsequent publication.
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Residual s growth : Angular structure same as torus 
Divide torus contribution by RS for fixed m1 , MPl

all combinations of 4D particles. Furthermore, the overlap integrals that accompany these

interactions (containing three or four wavefunctions each) cannot be performed analytically.

Investigating an RS1 scattering amplitude therefore requires extensive numerical accuracy,

which in turn demands accurate evaluation of the relevant highly-oscillatory wavefunctions

and their overlap integrals. This di!culty is amplified by the large number of terms in each

contribution: every intermediate KK mode contributes over 9300 terms to the scattering

amplitude even before we substitute polarizations and momenta or Laurent expand – then

we must sum over all intermediate KK modes.

Consider the KK scattering amplitude (1, 1) ! (1, 1) in RS1, and its expansion as a

Laurent series per Eqn. (3). Because KK momentum is not conserved in RS1, all KK

modes contribute as intermediate states to this amplitude. In practice, therefore, we study

the convergence of the amplitude as a function of Nmax, the maximum KK level included as

an intermediate state. From this perspective, we verify that cancellations in RS1 proceed just

as they do in the 5DOT. In particular, we find that the contribution of the Nth intermediate

KK mode to sk-like growth of the scattering amplitude scales like 1/N2k+2
for k " {2, 3, 4, 5}.

By truncating at level Nmax #> 10 and summing over the states of higher mode number, we

find the residual amplitude therefore scales like

M
(k)

Nmax
$ O

!
1

N2k+1
max

"
, (8)

for each k " {2, 3, 4, 5} and these contributions all vanish in the Nmax ! % limit. By

contrast, M
(1)

converges to a finite result and the leading contribution to the amplitude

scales like s1 as expected.

We also find that the angular dependence of M
(1)
(!) is exactly the same as in the toroidal

case. Dividing M
(1)

by its toroidal equivalent (with fixed MPl and m1), we can then scale

from Eqn. (6) to estimate the scale of validity of this 4D RS1 EFT calculation. We have

done so for a number of di"erent scattering amplitudes, and in all cases we find the 4D

scattering amplitudes become strong at an energy scale
&
s ' #! – verifying directly that

the cuto" scale for the RS1 e"ective field theory, as determined by the exclusive scattering

amplitudes, is controlled by #!.

A detailed discussion of the limits of the 4D RS1 EFT, as well as an analysis of the

truncation errors arising from summing over a finite number of intermediate states and

considering a coupled-channel analysis, will be given in a subsequent publication.

8

15



 Couplings, Sum Rules And 
The Sturm Liouville Problem
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Goal: Demonstrate how cancellations (due to
5D diffeomorphism invariance) proceed
analytically in an effective 4D framework

involving multiple massive spin-2 particles and
raise the theory’s scale of unitarity violation.

(Answer: Sum Rules!)
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The Parameters of the 5D RS Model

• 4D Planck Scale (= MPl): fixed by GR
• Compactification Radius (= rc): size of internal space
• Warping Parameter (= k): how distorted internal space is

η
(RS)
MN =

(
e−2k|y|ηµν 0

0 −1

)
=⇒ ds2 = e−2k|y|(dt2 − d~x 2)− dy2

The (orbifolded) 5D coordinate y = rcϕ, with ϕ ∈ {−π,+π}.
D. Foren 1 / 14



How to Perturb the 5D RS Vacuum

Many options for perturbing the vacuum. The Einstein frame
parameterization is automatically canonical in 4D:

GMN=

(
e−2(krc|ϕ|+û)(ηµν+κĥµν) 0

0 −(1+2û)2

)
û ≡ κ r̂

2
√

6 e
+krc(2|ϕ|−π)

Eliminate 4D cosmological constant via 5D CC & tensions:

? L(RS)
5D = 2

κ2

√
detG R+

[
bulk CC + brane tensions

]
?

D. Foren 2 / 14



5D to 4D: Organizing the 5D Lagrangian
Define LhHrR ≡ all L5D terms with H gravitons and R radions:

L5D =
∑
H,R

LhHrR ≡
∑
H,R

(· · · )~µ ĥH~µ r̂R

By construction, each term in this set is either...
• A-Type: has two 4D derivatives ∂µ∂ν , or
• B-Type: has two extra-dimensional derivatives ∂2

y

LhHrR = κ(H+R−2)
[
λA(R) LA:hHrR + λB(R) LB:hHrR

]

5D to 4D: Once we have a 5D WFE theory, we convert it into
an effective 4D theory via y-integration (recall y ≡ rcϕ)

S =
∫
d4x

(∫
dy L5D

)
=⇒ L(eff)

4D ≡
∫ +πrc

−πrc
dy L5D

D. Foren 3 / 14



5D to 4D: Kaluza-Klein & Sturm-Liouville I

ĥ~µ(x, y)︸ ︷︷ ︸
5D field

= 1
√
πrc

+∞∑
n=0

ĥ
(n)
~µ (x)︸ ︷︷ ︸

4D fields

ψn(y)︸ ︷︷ ︸
wfxns

Graviton KK
Decomposition

Given R radion fields in a Lagrangian term, we define...

RS:


λA(R) = e−2krc|ϕ|

[
e+krc(2|ϕ|−π)R

]
λB(R) = e−4krc|ϕ|

[
e+krc(2|ϕ|−π)R

]
Then each ψn solves a Sturm-Liouville Equation:

∂

∂ϕ

[
λB(0) ∂

∂ϕ
ψn

]
= −µ2

n λA(0)ψn with
{
µn ≡ mnrc

µ0 ≡ 0

for KK number n, assuming the following boundary conditions:
∂

∂ϕ
ψn

∣∣∣∣
ϕ=0

= ∂

∂ϕ
ψn

∣∣∣∣
ϕ=π

= 0
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5D to 4D: Kaluza-Klein & Sturm-Liouville II

Normalize according to

1
π

∫ +π

−π
dϕ λA(0) ψmψn = δm,n

The resulting set {ψn}...
• is orthonormal+complete with discrete spectrum µn
• is entirely determined by the value of krc
• takes 5D graviton → 4D graviton + massive spin-2 tower

Meanwhile, the radion becomes a single (massless) 4D field:

r̂(x)︸︷︷︸
5D field

= 1
√
πrc

r̂(0)(x)︸ ︷︷ ︸
4D fields

ψ0︸︷︷︸
wfxn

Radion KK
Decomposition
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4D Theory: Effective Lagrangian
Per field content, our 4D effective Lagrangian equals...

L(eff)
hHrR

=
[

κ
√
πrc

](H+R−2) +∞∑
~n=~0

{
a(~n|R) · K(~n)

[
LA:hHrR

]
+ b(~n|R) · K(~n)

[
LB:hHrR

]}
where K is an operator that maps 5D fields to 4D fields, and

a(n1···nH |R) ≡
1
πrc

∫ +π

−π
dϕ λA(R) ψn1 · · ·ψnH [ψ0]R

b(n1n2|n3···nH |R) ≡
1
π

∫ +π

−π
dϕ λB(R)

×(∂ϕψn1)(∂ϕψn2)ψn3 · · ·ψnH [ψ0]R

These couplings embody all nontrivial model
dependence between the 5DOT and RS.
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Matrix Elements: Relevant Diagrams
Consider elastic KK mode scattering: h(n)h(n) → h(n)h(n)

Each h(n) has 5 helicity eigenvalues: λi ∈ {−2,−1, 0,+1,+2}.

Mλ1λ2→λ3λ4 =
∑
k≤5
M(k)

λ1λ2→λ3λ4(θ, φ) sk

Recall: first 2 KK #’s in b-type =⇒ (∂ϕψ)
and ψ0 is independent of ϕ, so (∂ϕψ0) = 0

M = +
∑
S,T,U

 + +
∑
j>0


annnn annr ann0 annj

bnnnn bnnr bnn0 bnnj

bnnnn brnn b0nn bjnn
D. Foren 7 / 14



Elastic KK Scattering: Rewriting Couplings
Example Calculation:

µ2
n annnn = µ2

n

π

∫ +π

−π
dϕ λA(0)ψ4

n

= − 1
π

∫ +π

−π
dϕ ψ3

n

[
−µ2

n λA(0)ψn
]

SL Eq.= − 1
π

∫ +π

−π
dϕ ψ3

n [∂ϕ (λB(0) ∂ϕψn)]

IBP= 3
π

∫ +π

−π
dϕ λB(0)(∂ϕψn)2ψ2

n = 3 bnnnn

Using this and similar calculations, we may rewrite all
(non-radion) B-type couplings as A-type:

bjnn = 1
2µ

2
j annj bnnj =

(
µ2
n −

1
2µ

2
j

)
annj

bnn0 = µ2
n ann0 bnnnn = 1

3µ
2
n annnn
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Elastic KK Scattering: All Combos (BEFORE)
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Elastic KK Scattering: Longitudinal Sum Rules I

The longitudinal elastic scattering matrix elements grow like
O(s) iff these relations between masses and couplings hold true:

O(s5) : µ2
j

+∞∑
j=0

a2
nnj = annnn

O(s4) :
+∞∑
j=0

µ2
j a

2
nnj = 4

3µ
2
n annnn

O(s3) :
+∞∑
j=0

µ4
j a

2
nnj = 4

5
[
9 b2

nnr − µ4
n a

2
nn0

]
+ 16

15µ
4
n annnn

O(s2) :
+∞∑
j=0

µ6
j a

2
nnj = 4µ2

n

[
9 b2

nnr − µ4
n a

2
nn0

]
where µx ≡ mxrc. Equivalently, using additional relations...
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Elastic KK Scattering: Longitudinal Sum Rules II
The longitudinal elastic scattering matrix elements vanish iff the
following relations between masses and couplings hold true:

O(s5) :
+∞∑
j=0

a2
nnj = annnn

O(s4) :
+∞∑
j=0

µ2
j a

2
nnj = 4

3µ
2
n annnn

O(s2)↔ O(s3) :
+∞∑
j=0

[
µ2
j − 5µ2

n

]
µ4
j a

2
nnj = −16

3 µ
6
n annnn

O(s2)↔ O(s3) : 27b2
nnr = 3µ4

n a
2
nn0 + µ4

n annnn + 15
+∞∑
j=0

b2
nnj

Boxed = confirmed numerically but no proof... yet. ,
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Elastic KK Mode Scattering: All Combos (AFTER)
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One Last Thing!

All preceding calculations (numerical & analytical) are
performed via programs designed by me (Dennis Foren). My
programs allow efficient calculation of
• Weak field expansion of extra-dimensional Lagrangians
with arbitrary bosonic content
• Extraction of vertex rules from the 4D effective
equivalent of the aforementioned WFE Lagrangian
• Calculation of full 2-to-2 scattering matrix
elements involving massive spin-2 states
• Efficient analytic series expansion of those
aforementioned matrix elements.

I look forward to sharing my programs with all of you once the
principle results of our research have been made public. ,
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Conclusion - Thank You! (Questions?)
• The Goal: Understand unitarity violation scale in
extra-dimensional theories from the 4D perspective via
high-energy growth of massive spin-2 matrix elements.
• We directly confirmed unitarity-violation scale, e.g.

- 5D Orbifolded Torus: MPl
- 5D RS Model: ∼ Λπ = MPl e

−krcπ

• Confirmed numerically then analytically (via longitudinal
sum rules) how cancellations in matrix elements take the
naive FPG unitarity-violation scale of Λ5 to Λ1.

Next: radion stabilization, inclusion of matter, and applications
to non-linear massive gravity. Any info re: “Higgsing" gravity?

disengupta@physics.ucsd.edu

@DennisForen forenden@msu.edu
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 Massive Spin-2 particles, Fierz-Pauli Theory and beyond
The rest of the paper is organized as follows: Details of the organization

2 A strong coupling scale for massive gravity in 4-dimensions

We briefly discuss the strong coupling scales in the Fierz Pauli theory. The Fierz

Pauli theory is constructed by adding a ghost free Lorentz invariant mass term of

the form,

SG =

Z
d4x

p
gR +m2((hµ⌫)

2 � h2). (2.1)

Here we have expanded the metric in the weak field approximation with a flat

Minkowski background. The mass terms break di↵eomorphism invaiance and prop-

agates longitudinal polarization modes. The estimation of the growth of scattering

amplitudes in this theory can be most easily studied by restoring the gauge invari-

ance using the Stückelberg formalism. Schematically, restoring the gauge invariance

involves introducing a vector field Aµ, with two transverse degrees of freedom and

a scalar � with one degree of freedom. This is e↵ectively therefore the addition of

Goldstone bosons, and using the equivalence theorem to estimate the high energy

scattering amplitudes. Using canonically normalize the fields as A0 = 1
2mMPA,�0 =

1
2m

2MP�, h0 = 1
2MPh, expansion of the Ricci scalar, the determinant of the matrix

and the inverse of the metric in Einstein-Hilbert term gives a slew of interaction

terms. It can be observed that � always appears with two derivatives, A appears

with one derivative, and h appears with no derivatives. A generic interaction term

with nh powers of the tensor, nA powers of the vector and n� powers of the scalar

can be written as,

⇠ m2M2
P (@A

0)nA(@2�0)n�(h0
µ⌫)

nh = (⇤�)
4�nh�2nA�3n�h0nh(@A0)nA(@2�0)n� (2.2)

The coe�cient ⇤� is the scale of the e↵ective theory, and is given by,

⇤� = (MPm
��1)1/�, � =

3n� + 2nA + nh � 4

n� + nA + nh � 2
(2.3)

For interaction terms, we need terms n� + nA + nh � 3. The smallest term is the

scalar cubic with n� = 3, nA = nh = 0, and therefore the lowest scale suppressing

term is,
(@2�)3

⇤5
5

, ⇤5 = (MPm
4)1/5 (2.4)

This suggests that the scattering amplitude of a theroy with a single massive graviton

should grow with energy like s5. This scaling, known as the ⇤5 theory, can be

– 3 –

SG =

Z
d4x

p
gR

p
gR

p
gR +m2((hµ⌫)

2 � h2)
Fierz-Pauli theory FP tuning to avoid propagating ghost degrees 

of freedom,  
Ostrogradsky theorem

D.O.F counting in d dimensions for the massless graviton 

the same argument applies exactly and the Einstein–Hilbert term appears naturally as the unique
kinetic term free of any ghost-like instability. This is possible thanks to a symmetry which projects
out all unwanted dofs, namely di↵eomorphism invariance (linear di↵s at the linearized level, and
non-linear di↵s/general covariance at the non-linear level).

2.2.1 Einstein–Hilbert kinetic term

We consider a symmetric Lorentz tensor field hµ⌫ . The kinetic term can be decomposed into four
possible local contributions (assuming Lorentz invariance and ignoring terms which are equivalent
upon integration by parts):

Lspin�2
kin =

1

2
@↵hµ⌫

�
b1@↵hµ⌫ + 2b2@(µh⌫)↵ + b3@↵h⌘µ⌫ + 2b4@(µh⌘⌫)↵

�
, (2.32)

where b1,2,3,4 are dimensionless coe�cients which are to be determined in the same way as for the
vector field. We split the 10 components of the symmetric tensor field hµ⌫ into a transverse tensor
hT

µ⌫
(which carries 6 components) and a vector field �µ (which carries 4 components),

hµ⌫ = hT

µ⌫
+ 2@(µ�⌫) . (2.33)

Just as in the case of the spin-1 field, an arbitrary kinetic term of the form (2.32) with untuned
coe�cients bi would contain higher derivatives for �µ which in turn would imply a ghost. As we
shall see below, avoiding a ghost within the kinetic term automatically leads to gauge-invariance.
After substitution of hµ⌫ in terms of hT

µ⌫
and �µ, the potentially dangerous parts are

Lspin�2
kin � (b1 + b2)�

µ22�µ + (b1 + 3b2 + 2b3 + 4b4)�
µ2@µ@⌫�

⌫ (2.34)

�2hTµ⌫
�
(b2 + b4)@µ@⌫@↵�

↵ + (b1 + b2)@µ2�µ

+ (b3 + b4)2@↵�
↵ ⌘µ⌫

�
.

Preventing these higher derivative terms from arising sets

b4 = �b3 = �b2 = b1 , (2.35)

or in other words, the unique (local and Lorentz-invariant) kinetic term one can write for a spin-2
field is the Einstein–Hilbert term

Lspin�2
kin = �1

4
hµ⌫ Ê↵�

µ⌫
h↵� = �1

4
hTµ⌫ Ê↵�

µ⌫
hT

↵�
, (2.36)

where Ê is the Lichnerowicz operator

Ê↵�

µ⌫
h↵� = �1

2

⇣
2hµ⌫ � 2@(µ@↵h

↵

⌫) + @µ@⌫h� ⌘µ⌫(2h� @↵@�h
↵�)

⌘
, (2.37)

and we have set b1 = �1/4 to follow standard conventions. As a result, the kinetic term for the
tensor field hµ⌫ is invariant under the following gauge transformation,

hµ⌫ ! hµ⌫ + @(µ⇠⌫) . (2.38)

We emphasize that the form of the kinetic term and its gauge invariance is independent on whether
or not the tensor field has a mass, (as long as we restrict ourselves to a local and Lorentz-invariant
kinetic term). However just as in the case of a massive vector field, this gauge invariance cannot
be maintained by a mass term or any other self-interacting potential. So only in the massless case,
does this symmetry remain exact. Out of the 10 components of a tensor field, the gauge symmetry
removes 2⇥4 = 8 of them, leaving a massless tensor field with only two propagating dofs as is well
known from the propagation of gravitational waves in four dimensions.

In d � 3 spacetime dimensions, gravitational waves have d(d+1)/2�2d = d(d�3)/2 independent
polarizations. This means that in three dimensions there are no gravitational waves and in five
dimensions they have five independent polarizations.
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hµ⌫ ! hµ⌫ + @(µ⇠⌫) . (2.38)
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Di"eomorphism  :

where L m =0 is the lagrangian of the massless graviton. W e want to preserve the gauge

symmetry �hµ⌫ = @µ⇠⌫ + @⌫⇠µ present in the m = 0 case, so we introduce a Stückelberg field

Aµ patterned after the gauge symmetry,

hµ⌫ ! hµ⌫ + @µA⌫ + @⌫Aµ. (4.14)

The L m =0 term remains invariant because it is gauge invariant and (4.14) looks like a gauge

transformation, so all that changes is the mass term,

S =

Z
d D x L m =0 � 1

2
m2(hµ⌫h

µ⌫ � h2) � 1

2
m2Fµ⌫F

µ⌫ � 2m2 (hµ⌫@
µA⌫ � h@µA

µ)

+hµ⌫ T
µ⌫ � 2Aµ@⌫ T

µ⌫ , (4.15)

where we have integrated by parts in the last term, and where Fµ⌫ ⌘ @µA⌫ � @⌫Aµ.

There is now a gauge symmetry

�hµ⌫ = @µ⇠⌫ + @⌫⇠µ, �Aµ = �⇠µ, (4.16)

and fixing the gauge ⇠µ = 0 recovers the original massive gravity action (as in the vector

case, this is a gauge condition for which it is permissible to substitute back into the action,

because the potentially lost Aµ eq uation is implied by the divergence of the hµ⌫ eq uation).

A t this point, we might consider scaling Aµ ! 1
m Aµ to normalize the vector kinetic term,

then take the m ! 0 limit. In this limit, we would end up with a massless graviton and

a massless photon, for a total of 4 degrees of freedom (in 4 dimensions). So at this point,

m ! 0 is still not a smooth limit, since we would be losing one of the original 5 degrees of

freedom.

W e have to go one step further and introduce a scalar gauge symmetry, by introducing

another Stückelberg field �,

Aµ ! Aµ + @µ�. (4.17)

The action (4.15) now becomes

S =

Z
d D x L m =0 � 1

2
m2(hµ⌫h

µ⌫ � h2) � 1

2
m2Fµ⌫F

µ⌫

� 2m2 (hµ⌫@
µA⌫ � h@µA

µ) � 2m2
�
hµ⌫@

µ@⌫� � h@2�
�
+ hµ⌫ T

µ⌫

� 2Aµ@⌫ T
µ⌫ + 2�@@ T , (4.18)

where @@ T ⌘ @µ@⌫ T µ⌫ and we have integrated by parts in the last term.
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D.O.F counting in d dimension,  
Stueckelberg trick
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34

5 propagating D.O.F in 4 D

This is simply the linearization of the e↵ect of a conformal transformation on the E instein-

H ilbert action.

B y taking ⇡ = 2
D �2� in the transformation (4.24), we can arrange to cancel all the

o↵-diagonal h� terms in the lagrangian (4.23), trading them in for a � kinetic term. The

lagrangian (4.23) now takes the form,

S =

Z
d D x L m =0(h

0) � 1

2
Fµ⌫F

µ⌫ � 2
D � 1

D � 2
@µ�@

µ�+ h0
µ⌫ T

µ⌫ +
2

D � 2
�T , (4.26)

and the gauge transformations read

�h0
µ⌫ = @µ⇠⌫ + @⌫⇠µ, �Aµ = 0 (4.27)

�Aµ = @µ⇤, �� = 0. (4.28)

There are now (for D = 4) manifestly five degrees of freedom, two in a canonical massless

graviton, two in a canonical massless vector, and one in a canonical massless scalar7 .

N ote however, that the coupling of the scalar to the trace of the stress tensor survives

the m = 0 limit. W e have exposed the origin of the vD V Z discontinuity. The extra scalar

degree of freedom, since it couples to the trace of the stress tensor, does not a↵ect the

bending of light (for which T = 0), but it does a↵ect the newtonian potential. This extra

scalar potential exactly accounts for the discrepancy between the massless limit of massive

gravity and massless gravity.

A s a side note, one can see from this Stückelberg trick that violating the Fierz-Pauli

tuning for the mass term leads to a ghost. A ny deviation from this form, and the Stückelberg

scalar will acq uire a kinetic term with four derivatives ⇠ (⇤�)2, indicating that it carries

two degrees of freedom, one of which is ghostlike [ 48, 49] . The Fierz-Pauli tuning is req uired

to exactly cancel these terms, up to total derivative.

R eturning to the action for m 6= 0 (and a not necessarily conserved source), we now

know to apply the transformation hµ⌫ = h0
µ⌫ +

2
D �2�⌘µ⌫ , which yields,

7Ordinarily the Maxwell term should come with a 1/4 and the scalar kinetic term with a 1/2, but we

leave di↵erent factors here just to avoid unwieldiness.
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FP theory : Strong coupling scale

The rest of the paper is organized as follows: Details of the organization

2 A strong coupling scale for massive gravity in 4-dimensions

We briefly discuss the strong coupling scales in the Fierz Pauli theory. The Fierz

Pauli theory is constructed by adding a ghost free Lorentz invariant mass term of

the form,

SG =

Z
d4x

p
gR +m2((hµ⌫)

2 � h2). (2.1)

Here we have expanded the metric in the weak field approximation with a flat

Minkowski background. The mass terms break di↵eomorphism invaiance and prop-

agates longitudinal polarization modes. The estimation of the growth of scattering

amplitudes in this theory can be most easily studied by restoring the gauge invari-

ance using the Stückelberg formalism. Schematically, restoring the gauge invariance

involves introducing a vector field Aµ, with two transverse degrees of freedom and

a scalar � with one degree of freedom. This is e↵ectively therefore the addition of

Goldstone bosons, and using the equivalence theorem to estimate the high energy

scattering amplitudes. Using canonically normalize the fields as A0 = 1
2mMPA,�0 =

1
2m

2MP�, h0 = 1
2MPh, expansion of the Ricci scalar, the determinant of the matrix

and the inverse of the metric in Einstein-Hilbert term gives a slew of interaction

terms. It can be observed that � always appears with two derivatives, A appears

with one derivative, and h appears with no derivatives. A generic interaction term

with nh powers of the tensor, nA powers of the vector and n� powers of the scalar

can be written as,

⇠ m2M2
P (@A

0)nA(@2�0)n�(h0
µ⌫)

nh = (⇤�)
4�nh�2nA�3n�h0nh(@A0)nA(@2�0)n� (2.2)

The coe�cient ⇤� is the scale of the e↵ective theory, and is given by,

⇤� = (MPm
��1)1/�, � =

3n� + 2nA + nh � 4

n� + nA + nh � 2
(2.3)

For interaction terms, we need terms n� + nA + nh � 3. The smallest term is the

scalar cubic with n� = 3, nA = nh = 0, and therefore the lowest scale suppressing

term is,
(@2�)3

⇤5
5

, ⇤5 = (MPm
4)1/5 (2.4)

This suggests that the scattering amplitude of a theroy with a single massive graviton

should grow with energy like s5. This scaling, known as the ⇤5 theory, can be

– 3 –
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Longitudinal helicity modes

Can this low strong coupling  scale be raised  

Deconstruction : Georgi, Arkani-Hamed, Schwartz 2001 
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Non-linear massive gravity

where the interaction potential U is the most general one that reduces to Fierz-Pauli at

linear order,

U ( g ( 0) , h) = U 2( g
( 0) , h) + U 3 ( g

( 0) , h) + U 4( g
( 0) , h) + U 5 ( g

( 0) , h) + · · · , (6.35)

U 2( g
( 0) , h) =

⇥
h2

⇤
� [ h ] 2 , (6.36)

U 3 ( g
( 0) , h) = +C 1

⇥
h 3

⇤
+ C 2

⇥
h2

⇤
[ h ] + C 3 [ h ]

3 , (6.37)

U 4( g
( 0) , h) = +D 1

⇥
h4

⇤
+ D 2

⇥
h 3

⇤
[ h ] + D 3

⇥
h2

⇤2
+ D 4

⇥
h2

⇤
[ h ] 2 + D 5 [ h ]

4 , (6.38)

U 5 ( g
( 0) , h) = +F1

⇥
h 5

⇤
+ F2

⇥
h4

⇤
[ h ] + F 3

⇥
h 3

⇤
[ h ] 2 + F4

⇥
h 3

⇤ ⇥
h2

⇤
+ F 5

⇥
h2

⇤2
[ h ]

+F 6

⇥
h2

⇤
[ h ] 3 + F 7 [ h ]

5 , (6.39)
...

The sq uare bracket indicates a trace, with indices raised with g ( 0) ,µ⌫ , i.e. [ h ] = g ( 0) µ⌫hµ⌫ ,

[ h2 ] = g ( 0) µ↵h↵� g ( 0) �⌫h⌫µ, etc. The coe�cients C 1, C 2, etc. are generic coe�cients. N ote that

the coe�cients in U n( g ( 0) , h) for n > D are redundant by one, because there is a combination

of the various contractions, the characteristic polynomial L T D
n (h) (see A ppendix A ), which

vanishes identically. Thus one of the coe�cients in U n( g ( 0) , h) for n > D (or any one linear

combination) can be set to zero.

If we like, we can re-organize the terms in the potential by raising and lowering with

the full metric g µ⌫ rather than the absolute metric g ( 0) µ⌫ ,

S =
1

22

Z
d D x


(
p

� g R ) �
p

� g
1

4
m2 V ( g , h)

�
, (6.40)

where

V ( g , h) = V 2( g , h) + V 3 ( g , h) + V 4( g , h) + V 5 ( g , h) + · · · , (6.41)

V 2( g , h) = hh2i � hhi2, (6.42)

V 3 ( g , h) = +c1hh 3 i + c2hh2ihhi + c 3 hhi 3 , (6.43)

V 4( g , h) = +d1hh4i + d2hh 3 ihhi + d 3 hh2i2 + d4hh2ihhi2 + d 5 hhi4, (6.44)

V 5 ( g , h) = + f 1hh 5 i + f 2hh4ihhi + f 3 hh 3 ihhi2 + f 4hh 3 ihh2i + f 5 hh2i2hhi

+ f 6 hh2ihhi 3 + f 7 hhi 5 , (6.45)
...
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Tune coe#cients to raise the scale, avoid ghosts 

More recently, it was observed that the Boulware-Deser ghost can be eliminated with the proper

choice of parameters [3, 4, 9]. In particular, working in the high-energy theory of scalars, the

couplings at each power in the graviton can be chosen to yield total derivative interactions. For

example, in Eq. (2) this parameter choice corresponds to

c1 = 2c3 +
1

2
, c2 = �3c3 �

1

2
,

d1 = �6d5 +
3

2
c3 +

5

16
, d2 = 8d5 �

3

2
c3 �

1

4
,

d3 = 3d5 �
3

4
c3 �

1

16
, d4 = �6d5 +

3

4
c3,

(5)

with c3 and d5 free parameters. The resulting theory is a non-linear generalization of the Fierz-

Pauli term. Moreover, the theory enjoys a parametrically higher cuto↵ ⇤3 [2, 3], since the

parameter choice eliminates dangerous scalar self-interactions.

3 Calculation of Scattering Amplitudes

For our analysis, we have computed the general tree-level amplitude for massive graviton scatter-

ing. In what follows, we describe the setup and notation of our amplitudes calculation, followed

by a set of consistency checks for our final expressions.

3.1 Setup and Notation

A massive graviton has a momentum vector kµ satisfying kµkµ = �m2. To construct a basis

of polarization tensors, we decompose the space orthogonal to kµ in terms of a basis of three

polarization vectors ✏iµ satisfying

kµ✏iµ = 0 (6)

and split according to transverse (i = 1, 2) and longitudinal (i = 3) polarizations. For example,

in a frame in which kµ = (!, 0, 0, k) and ! =
p
k2 +m2, the polarization vectors satisfy

✏1µ = (0, 1, 0, 0)

✏2µ = (0, 0, 1, 0)

✏3µ =
1

m
(k, 0, 0,!),

(7)

with the normalization ✏iµ✏
jµ = �ij. By construction, at high energies ✏3µ ⇠ kµ/m, which is the

Goldstone equivalence limit.

5
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Realizations of this set up : dRGT gravity, Bi/Multigravity 

De-Rahm, Gabadadze, Tolley 
Cheung and Remen  
Bonifiacio, Rosen, Hinterbichler

(Schwartz 2003)
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