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CT configuration from self-organization

e.g.

Strength

Magnetostatic single fluid [Taylor, Woltjer, etc.];
Flowing two-fluid [Steinhauer, Ishida, etc.]
Flowing neutral fluid [Moffat, etc.]

No need for detailed dynamics;
Can predict final state from initial & boundary conditions.

Open configurations ? pressure, density , temperature
gradients ? L-H transition ? kinetic regime ? magnetic
dynamo ? dynamic collimation and stability ? relativity ?

(partial) Can transform plasma physics to a generalized
form of Maxwell’s equations, valid in all regimes. Maybe
simpler to solve full system in this frame of reference ? In
physics, often, a suitable transformation simplifies
analysis.



Demonstrate

The equations of motion can be expressed as Generalized Maxwell Equations

Helicity evolution valid in kinetic regimes, relativistic regimes too

Criterion for helicity conservation vs energy conservation

Helicity conversion from one form to another



Ingredients for magnetic confinement fusion
concepts
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Define relative canonical helicity K yo; = fﬁ _ -ﬁ)ﬁ dV

e.g. egs. of motion
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enthalpy
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kinetic helicity cross helicity ~ magnetic helicity

\\ /wu“:=>d/icl

magnetic flux tube canonical flux tube



Define relative canonical helicity K yo; = fﬁ _ -ﬁﬁ dV

e.g. egs. of motion
ﬁd = maﬁa + qa/_l)
- = dKerel _ dKirel _ 2 = - =
_>Qd=VX o T——T——ZfR'QdV-I-ZJ:gsep(hi—he)_Q.dS+... (1)
Note. Xi =Xt ref 1
0 Ks = m& Kiing + Meqs K, + qiK 1 P
V . .Q — O o o Bkino 090 Berso 4o Rmag qa¢+zmau§+n_0

o
enthalpy
fﬁa-a(,dv zfﬁa-ﬁdv fﬁ-ﬁdv

kinetic helicity cross helicity ~ magnetic helicity

\\ /d/ar‘::'s[/icl

Q.=—8B

magnetic flux tube canonical flux tube



Reconnection of two flux tubes with three
possible results

(©) :
Two magnetic flux tubes

Half twist each
(a)

One magnetic flux
tube, half twist

One vorticity flow, half
twist

(b)

(e)

Two flow vorticity flux
tubes.
Half twist each

Wi~ 0 S%cp




K; =m; Ah#+ q; Ah

The model explains why bifurcation in CT formation depends on 1/S*
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Ratio of canon. helicity injection into vortex tube or magnetic flux tube is



Maxwell’s Eqgs.

DAM - _.“Oju

Particle {q; m}

x(t)
v(t)
Electrodynamics
diymv) .
——=F

dt

Kinetic

fo(%,7,1)

Stat. Mech.

df,

=C
dt

Multi-fluid MHD
ng(%,t) n(x,t)
iy (%, 1) U(%,t)
Py (%,t) P(X,t)
Single fluid eq.
Fluid egs. of motion
of motion +
x2 Ohm’s law
E+UxBE = ..
Multi-fluid

Pafluid = paaa + pcaA

1
hafluid = pcz + _pautzr + pc¢ + p¢g + PO’
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System
configuration
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Canonical Helicity p.o.v
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dt
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Eqgs. of motion (canonical form)

no-work conserv. non-cons.

Canonical “electric field” (force-field)
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Multi-fluid

Pafluid = paﬁd + pccrA

1
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Particle

=

Ppart =mv + qﬁ
1
hpare = mc?* + Emv2 +q¢p + mg,

Rpart = 0

Multi-fluid

- N
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1
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Particle

=
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=

Particle

Ppare = ymv + qﬁ

hpart = Vmcz + q¢

Rpart = 0

Kinetic

ﬁakin Eprart =fmaﬁ+fqu
horin = fhpart =

ﬁcrkin = _ﬁpartc + Vv (fappart) + Lpartvf

Multi-fluid
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1
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s there a more fundamental p.o.v. ?

Where does the canonical form of the equation of motion come from ?
The first two canonical Maxwell’s egs give us a clue:



10

s there a more fundamental p.o.v. ?

Where does the canonical form of the equation of motion come from ?
The first two canonical Maxwell’s egs give us a clue:

7-Q=0
Vx3 o0
. X = — —
Lagrir;glan » Euler-Lagrange eq. ot
V-%=7




Define a new Lagrangian

1

v
]]ﬂ[P)H R IF/,WIF” + LEinsteinHilbert

L
° 4,
(g

i\ J
Y ~N" -
Coupling interaction between Coupling interaction between
“sources” J# and “field” IP,, “field” I, components (its derivatives) Particle
c épa = ymv + qA
H“E@]]M= R q . hpar = yme? + q¢
ot J = qu
Kinetic
I = . _
]P)H' f— lZ’Pl <E PkinEprar
hkn = fhpa
q =€,V - [RG — Uy X QG] Multi-fluid
ﬁo’fluid = fﬁakin dl_}o‘
]:FI[V E a,u,]PV _ aV]PM, ho‘fluid = fhakin dﬁa
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In flat space ...

Balance between
generalized kinetic
energy and potential
energy (enthalpy).

Balance between generalized
“electrical” energy (canon.
forces) and “magnetic” energy
(canon. vorticity)



Particle

ﬁpar = ymv + qA
hpar = yme? + q¢

Kinetic . 1 2 Qz
Prin = f Ppar L v —_— —I— —_ EZ —_——
hxin = f hpar 2 2“

Il
9

Multi-fluid

—

Pofluid = J‘Pakin dﬁo

hofluid = fhakin dﬁo

e.g. particle in e.m. field

1 R
Lpart = _;mcz +qv-A —q¢
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Particle X = CIJE + i 9= qgﬁ N o
Kinetic X = faClaF7 +2 Q= fgCIGE oo
Fluid 3 =poE +73 Q= pB +0
L o 1 2 _Qz
qUv-P — qh + S€X° —
2 2u
N Y,
Field
1 E2 B? 2 1 E.-3 B0 ! ¥/ @
2% o *OMEE YT Y2
. g . « -~ J
Lem—-m Lm—m

LM axwell
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Particle X = qUE + 3 Q=gq,B+ Q'

Kinetic X = faqaﬁ + X’

LM axwell

Just a reformulation of
existing Lagrangians.

Fluid > =p,E+% Q=p,B+Q
1, 0
+ Zex? ——
2 2U
N\ _
Field
2q [1 iy B0 | 1 0
2Tk 27 2
[’e.m.—m Lm—m

New Lagrangians that represent the
collective coupling between kinetic
distributions, & e.m. fields, between
kinetic distributions themselves, and
relativistic distributions




Eg. of motion

Insert £ into Euler-Lagrange equation for space coordinates X:

. 1 0?2
= (ql[Z‘FVX-Q]:_V[EEZZ—Z

\ 7
Y

R

o Single particle:
Dissipative forces: Brar ~ g (classical)
. RPar % () (relativistic)
Incomplete conversion between
canon. “electrical”/"kinetic” energy o
“ o - Kinetic:
and canon. “magnetic”’/"potential

. L 5 o d
energy (canon. vorticity). R§‘" = (50 : papar — hg‘”‘) Vf, — pf‘”‘i

dt

Fluid:



Canon. Maxwell equations

Insert L into Euler-Lagrange equation for four-field P, (with Lorenz gauge):

& |D,F¥ = —pus J¥ S 0,0¢PY = —usJY
( - q
V.X=—
€ { |Z|h=—ﬂ
= = = €
— > 02 = N
VXQ=pql + peo [P =-uqu
\

(also gives a canonical Poynting flux equation for ¥ X S_i)
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Hamiltonian, energy evolution

Perform Legendre transformation of £

H 122+QZ+ h
= = — N
2¢ ou 4

\ 7 L 7
Y D

Sum of energy density of the plasma field and the source enthalpy (if any)

: : 3=, . . 0N L . : .
Using the Poynting theorem for X, () in the Hamilton equation = = 3, 8ives energy evolution equation

— —

dH, Oh, S o X Qy o . .




Therefore

Can express eq. of motion as generalized Maxwell equations.

System
. . . . . . fi ti
Canonical helicity transport is valid at all regimes. “g'()'?g)“g’(;)’"
Helicity vs energy conservation depends on density scale length. (qualsits.tati)c
evolution
Particle \
Kinetic Canonical Helicity p.o.v
Ky = Kiin + Keross + Kmag
Poar = ym¥ + g4 Ben = f Prar Multi-fluid »
hpar =ymc® + qp hyin = f hpar o _
ﬁo’fluid = fﬁakin dﬁa dt
hofruia = J-hakin dVy K = K; + K, = constant

[ear

=TV uv Egs. of motion (canonical form)
L; =]"P, 4 ]FﬂV]F
uo— — — —
qZ+3xQ)=R| & |DuIF’“’ = —ua]]"|
Particle Kinetic Multi-fluid
Rpare =0 Rotin = (170 'Fapar - hapar) Vf— ﬁapardd—];g Rofia = Roa + Roo + Roc + Ron
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Change of (species) helicity vs change in energy ?

Take the ratio of evolution equations (Eqg. 1)/(Eqg. 3).
e.g. isolated, fixed, non-conservative forces

AKO’/KO'O _
AHO’/HO'O

Density scale length:

shallow = species helicity changes little
steep = species helicity changes a lot

Ry - Qg dV Hy ~ Z‘Q‘O' Hgo _ Po Hso
ﬁa : 1_7)0 dVv KO’O Vo KO’O Ls KO‘O

MST experiment:

Heo ~ Wingg ~ 50 kI

Q, ~ peeB ~0.2kgm3st

ne ~ 101 m3

Bior ~012T

T, ~ 300 eV

K,y ~ 23 mWb?

=> magnetic energy is
dissipated 33 times more than
magnetic helicity in an isolated,
purely dissipative, magnetically
dominated system.

1/Ls = 2(1/Lejre +1/11)
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Helicity conversion at the edge of plasmas
where density gradients are steep

L-H transition as
helicity-constrained
relaxation ? use
kinetic form of canon.
Maxwell’s eq. ? in
spheromak ?

Density scale length:
shallow = species helicity changes little
steep = species helicity changes a lot
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First, examine helicity transport in cyl. geom.

Generalization of Yn- B = 0 = Vh, -ﬁa =0 Diffuse Core Current
P,

}I(’ - '»0 jet

Generalized induction equation for ﬁo.

So plasma motion < canonical flux tube motion in many
regimes beyond magnetostatic.

(f) Core + Skin Current
7el=4
Sign(W)*Iéqgmll‘TIHJ

—— Total Canonical Helicity
----- Magnetic Helicity

e Kinetic Helicity

------ Cross Helicity

M 2-9 Butterfly nebula

PP

0.001 0.010 0.100 1 10
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Mochi experiment just became operational

etween flows and magnetic fields



End



Energy equation

Insert L into Euler-Lagrange equation for time t:

LoP a1, 0
= QU -——=——|z€k —

ot ot |2 2u

If the “plasma field” has a time
dependence, energy changes.



Maxwell’s Eqgs.

L] Ay = _.“oju

Solve
[integrate]

E.M. Field
= Le Dynamics
[E'B] - t5°'Vet ; Evolution, waves,
- Integrate
[¢'A] JiEn) etc.
[4,]
Particle {q; m}
x(t
5&% KirJeEic
fo(X, 0, ¢)
Electrodynamics
diymd) . Stat. Mech. Multi;fluid
—ar F ng (%, t)
t df — -
Yo _ Uy (X, t)
dt Py (X, 0)

Fluid egs.
of motion
X2

Choose

E.M. field sources

MHD
n(x,t)
U(Z t)
P(x,t)

Single fluid eq.
of motion
+
Ohm'’s law
E+UxBE= ..




Maxwell’s Eqgs.

L] Ay = _Iloju

Solve
[integrate]

E.M. Field .
BN Dynamics
[E' B] - t5°'Vet ; Evolution, waves,
Integrate
[¢'A>] JiEn) etc.
[4,]
Particle {q; m}
- lots of
x(t )
ﬁgtg particles Kir:ezic
fo(%,7,t) _
averaging
Electrodynamics
diyms) . Stat. Mech. Multi;fluid
—ar F ng (%, t)
t df — -
Yo _ Uy (X, t)
dt Ps(X,t)
Fluid egs.
of motion
X2

Choose

E.M. field sources

[pc, 71

]

System state
stability, etc.

Energy p.o.v
ow

MHD
n(x,t)
U(% t)
P(x,t)

Single fluid eq.

of motion
+
Ohm’s law

E+UxB= ..
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Particle {q; m}
x(t)
v(t)

Electrodynamics
d(ymv)

=F
dt

.

Kinetic

fo(%,7,1)

Stat. Mech.

dfs
dt ¢

Maxwell’s Eqgs.

(1AL = —Ho Ju

Solve
[integrate]

f )

averaging

E.M. field sources

Dynamics
Evolution, waves,

etc.

ng(%,t)
Uy (X%,t)
P (%,t)

Fluid egs.

X2

System state
stability, etc.

Multi-fluid

of motion

MHD
n(x,t)
U(% t)
P(x, t)

Single fluid eq.

of motion
+

Ohm’s law

E+UxB= ..

System
configuration
B(%)
(quasi static
evolution)
Energy p.o.v Helicity p.o.v
ow Kimag
S




Maxwell’s Eqgs.

L] Au = —Up ju
Sol
[int:g\;:te] . System
E.M. field sources configuration
[pc, 71 B(®),u(%)
[ju] (quasi static
Id evolution)
E.M. Fie
7B Dynamics J
[E' B] —Solve Evolution, waves, System state
[d)» I‘Y] [”;(egr:;e] etc. stability, etc.
[A,] &
Canonical Helicity p.o.v
Particle {g; m
f(t{)q J lots of Ko = Kkin + Kcross + Kimag
0] particles Kinetic Enel
fo'()_c)lﬁlt) . dKo- .
averaging =
Electrodynamics N dt
diymd) Stat. Mech. Multi-fluid
—a n,(%,0)
df P -
o =C ua(x' t)
dt :})O' (fl t)
Fluid egs. Single fluid eq. j dV
of motion of motion
x2 +
Ohm’s law
E+UxB= ..

Choose



