










Physics Qual - Statistical Mechanics
(

Spring 2017)

I. Determine the specific heat of a system of N independent, two - di-
mensional harmonic oscillators each of which has (n + 1)-fold degenerate
energy levels

ǫn = (n+ 1)h̄ω (n = 0, 1, 2, . . .)

II. It is possible, in a ferromagnet, to have what are called spin waves.
These correspond to waves where the individual atomic spins oscillate in
time. As in the case of lattice vibrations, which give rise to phonons, these
waves can be quantized and also give rise to propagating particle-like ob-
jects. For low frequencies spin waves have a dispersion law ω(k) = c k2,
with c some positive constant. Here we will consider the case of N such
(non-interacting) particles in a large box of volume V and temperature T .

(a) Compute the average energy, entropy and specific heat for such a system.
How do these quantities behave for very low temperatures?

(b) If the ferromagnet in question is a metal, how does the spin wave specific
heat compare to the electronic contribution at low temperatures ?

III. Find the photoelectric emission current provided the electrons obey
the Fermi-Dirac statistics, and assuming that the work function for an elec-
tron escaping the metal is W . Describe the constraints that arise due to
the fact that the electrons are emitted from the metal’s surface, and how
this affects the resulting probability integrals. Are there any sensible ap-
proximations that one could apply to a metal at room temperature? What
does the answer look like if you assume that W − µ ≫ kT where µ is the
chemical potential? Would the answer change if the electrons were treated
relativistically?
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1. Consider two identical spin 1/2 particles with mass m in a one dimensional infinite well with
length L. The particles interact weakly with a potential V = V0δ(x1 − x2).
(a) What is the energy and wave-function of the ground state in the absence of the interaction

V ? Include both position and spin dependence in your answer.

(b) What is the energy of the first excited level? What is the degeneracy of the first excited
level? Write down wave-functions (including position and state dependence) for the states
with this energy.

(c) Using the first order perturbation theory, find the corrections to the ground state energy
found in (a) due to potential V . (You do not have to evaluate the integrals explicitly.)

(d) Does the perturbation V lift degeneracy of the first excited level? If so, what is the
remaining degeneracy? Give the detailed explanation.
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2. A spin-1/2 particle is moving in a harmonic oscillator potential with frequency ω (i.e. H =
h̄ω(a†a + 1/2)). The eigenstates of the system are doubly degenerate and can be described by
|n, ↑〉 and |n, ↓〉, where n is the energy level of the harmonic oscillator. This double degeneracy
is lifted by the perturbation

V =
δ

2
(aS+ + a†S−) ,

where S± = Sx ± Sy are spin raising and lowering operators.

(a) Using the second order perturbation theory, find the corrections to energies of the states
|0, ↑〉 and |0, ↓〉.

(b) Now find the exact eigenstates of the system in terms of |n, ↑〉 and |n, ↓〉. While you can
find general expressions, it is sufficient to find two eigenstates that turn into |0, ↓〉 and |0, ↑〉
as δ → 0. Find the energies of these two states and determine which them corresponds to
the ground state of the system.
Note: you may find eigenvalues and eigenvectors of a matrix(

(2n+ 1)a b
b (2n+ 3)a

)
to be useful. These eigenvalues and eigenvectors are given respectively by

λ± = 2a(n+ 1)±
√
a2 + b2

and
v± = N±(a∓

√
a2 + b2,−b) ,

where N± = 2((a2 + b2)∓ a
√
a2 + b2) are normalization coeffficients.

(c) Assuming that the perturbation is turned on at t = 0 and at that time the system is in
the state |0, ↑〉 find the probability of observing the system at a later time t in the state
|1, ↓〉. Use the first order perturbation theory.
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3. In class we discussed the upper bound on ground state energy of the hydrogen atom obtained
by using a variational method with a trial function exp(−r2/a2). Choosing a reasonable modifi-
cation of this trial wave-function find an upper bound on the energy of (n, l,m) = (2, 1, 0) state
of the hydrogen atom. Explain why variational method can be used for this state but could not
be used for any other l = 1 state with n > 2 nor why it could be used for n = 2, l = 0 state.
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4. A particle of mass m is incident on the barrier given by (see the Figure)

V (x) =


0, x < −a
V0(1 + x

a
), −a < x < 0

V0 − (V0 − V1)xa , 0 < x < a
V1, x > a

,

from the left with energy E such that V0 > E > V1. Using WKB approximation determine the
transmission coefficient.
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      EM Qualifying exam

1. A rod of length L is oriented along the x-axis and centered at the
origin. It carries a time varying current of the form I = I0 sin(2πxL ) cos(ωt).
Find

(a) the charge density as a function of time.
(b) an exact expression for the scalar and vector potentials at the location

(0, L, 0) at the time t = 0
(c) the power radiated as a function of angle at long wavelengths.

2. There is an infinite grounded conducting plane at x = 0. An electric
dipole of strength p = qa is centered at (x0, 0, 0) and oriented along the
−î+ ĵ axis. Find

(a) the charge distribution on the plane
(b) the torque on the dipole.

3. An insulating sphere carries charge ρ = ρ0 cos θ sinφ. It is then
rotated slowly at angular frequency ω about the z-axis. Find the magnetic
fields everywhere.


