Physics Qualifyiné Exam UCI ' May 15, 1972

9:00 - 11:00 a.m.
MECHANICS

Do 4 of the 6 Problems (2 hours)

Consider a simple pendulum consisting of a rigid massless rod
of length 4 hanging from a fixed point. At the end of the
rod is a point mass M. - erte the Hamiltonian and Hamilton's

equations of motion.  Solve in the 1imit of small oscillation.

Now suppose the point of support, which has mass M', ogscillates
horizontally with frequency . Write the Hamiltonian,

Is it constant in time? Why?

Is it equal to the total energy of the system? Why?

A point mass m moves On the inner surface of a right circular

cone under the influence of gravity. The cone has a half-

angle of 45°

a) Using general coordinates p (radial
distance from axis) and 6 (angular

position), derive the equatlons of

motion. . p ;Z

b) For what value of p will uniform ' ¥é> ﬁ{/ﬁ
circular motion be possible? /”:fb

¢) Let p equal the value p_ for which
circular motion is possible., Dis-
place p slightly, so that p = p0(1+£9,
where A<<l. Find the frequency of

oscillation of p about [
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An approximate dynamical model of -a 2-story steel-frame bu11d~

ing can be cons gtructed from two concenbzated masses and two
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pairs of massless "shear springs' as shown in the figure,
During lateral vibration of the building due to an earthguake,
it is assumed that the floors move only parallel to the earth,
so that the motion is essentially a shear. If the shear
spring constant is kS,'then the potential energy of a spring
is %ks(éé)z, where A! is the net horizontal displacement of
the two ends of the shear spring. Find the frequencies and

amplitude ratios for the two normal modes.

4, Two identical thin uniform rods, each of mass m and length ¢,

are rigidly joined to form a symmetric T.

The system is initially at rest on a smooth horizontal table.
—t
An impulse J is applied perpendicular to rod AB at point B.
Just after the impulse has struck, T A
L

a) What ig the velocity of the »
8 >

center of the mass?

b) What is the total kinetic energy

c¢) What is the instantaneous axis

of rotation of the system?

i
of the system, in terms of J7 T
A/

B[ J

5, A uniform sphere of mass m, radius b, and Icm = 2/5 mb2 is

initially set spinning with an angular velocity wo about 2

horizontal axis. It is initially in a position infinitesi-

mally above the surface of a horizontal taﬁle and it has no

translational motion. The spinning sphere ig then allowed

to come into contact with the table. There is a gravitational

acceleration g and a coefficient of friction l between sphere

and tahle, ‘

a) How much time will elapse before the sphere is rolling
without slip?

b) What is the angular velocity after the sphere is rolling
without slip?

¢) What fraction of its initial kinetib energy was lost while

glipping? Where did it go?
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6. Consider a rocket to be used for space flight.' Let m denote
the mass of the rocket without fuel and me denote the mass
of the unburned fuel, giving the rocket a total mass M= m, o+ m;
initially. Let Ve be the velocity of the exhaust gases relative

to the rocket and let dmf be the (constant) rate of fuel
dt
combustion @efined as a positive quantity). Neglect air fric-

tion, gravity, and all other external forces.

a) Find the thrust (propulsive force) on the rocket and its
maximum speed. Assume we have a chemical rocket, with

4 _

v, = 10 m/sec. _

b) Now consider photon propulsion, with the advantage of
having Vg = Co We want to give our space travelers the
advantage of a large time dilation, so let us choose

2 .
y = (1~ 5)
] C

[l

equal to 10. Here v is the rocket final speed.

¢) Of course, we want our travelers to land safely and return
to earth, so actually we will need 3 more such stages for
the total of two accelerations and two decelerations,
What is the ratio of the mass of the returning rocket
remnant to the original t&tal mass of rocket and fuel

leaving earth?
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1T1L:15 — 1:15 p.m,

ELECTRICITY AND MAGNETISM

Do 4 Problems

1. A parallel-plate capacitor is charged at a constant rate I
(coulombs/sec) . The capacitor has circular plates of radius
a and a separation h, Neglect edge effects.

a. Find the total energy (electric plus magnetic) as a
function of time. Include only that portion of the
maghetic energy which is inside the capacitor volume.

b. Find the Poynting vector at a distance r from the
center of the capacitor

C. Find the rate of change of energy inside r.

d. Does the result of b agree with c?

If T is not constant in time, is the answer to 4 the

same? Explain.

2. ¥ind a surface charge distribution on the spherical surface

¥ = a which will produce the potential
vV = A(x2 - yz) + Bx

in the region v < a, VWhat is the potential in fhe'region
r > a? [There is no charge anywhere except on the surface
r = a,] Hint: express V in spherical coordinates, and then

in spherical harmonics.

3. Consider a conducting disk of radius b. The conducitivity
is g. If the disk has an initial

e

charge density distribution at

b t =0 of p = r < a

Po

i

0 r > a
find p(r,t) at all other times,

[Hint: Use the continuity equation and J = ¢E.]
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4. The core (radius a) of a coaxial eylindrical cable is surrounded
by an insulating sheath of conductivity oy, outer radius b, and
- a second layer of conductivity’ og extending to the outer metallic
conductor of radius c. Flnd the resistance per meter of cable

between the core and the outer conductor,

5. W - nﬂ ILight from a source of fre-
gquency f is led through the

L__i .
p \\\1? system shown, If the upper
‘ ' — conduit carries a liquid

having index of refraction

N

n moving with velocity u,

and the lower conduit carries
. 'the same liquid at rest,

what is the mlnlmum value of uw that will cause destructive

lnterforence at P

6. The ionosphere can be considered as an ionized medium con-
taining N essentially free electrons per unit volume. Show
that if a linearly polarized wave propagates in the ionosphere
in a direction parallel to that of the small uniform magnetic
field H produced by the earth,_lts plane of polarization will
be rotated through an angle proportional to the dlstance
traveled by the wave, Calculaté the constant of proportionality.
[Hint: calculate the effective index of refraction for right
and left circularly polarized light propagating parallel to H.
Express the linear polarized light as the sum of right and
left circularly polarized light. Express your final answer
in terms of &n = n,o-n_ where n are the two indices of

yefraction, You need not exp11c1tly evalugte sn. ]
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. 2:45 ~- 5:45 p.m. N

QUANTUM MECHANICS (3 hours)

Open Book.
Do any 5 problems,

\ 3 3 * [3
1. -Pfwo identical spin 3 particles of mass m are confined by a

one dimensional potential well of leangth L. (v(x) = 0 for

0 < x <1 and infinite elsewhere). There is a mutual inter-
action between the particles of the form Vlz(xl,xz) = kﬁ(xl—xz).
To first order in X, find the energies of the lowest lying
singlet and triplet states.

9. A particle with intrinsic spin S = % is rotating on a rigid rod,

The Hamiltonian of the system is

2
n 2 ==
2—I'L + AL-S

H =
i, g are the orbital and spin angular momentum operators respec—
tively. A and I are constants, '
a) What are the energy levels of H?
b) At time t = 0 the state of the system is described by the ket

1

vector l&, m&;%,ms> with 4 = 1, m, = 1, and m, = T What is

LA
the probability of finding the system in the same state at a

latery time t.7

5. The lowest four eigenstates |i>, i = 1,2,3,4 of a certain
Hamiltonian H, have energies (in unspecified units) of -300, -200,
~200 and -100 respectively. A perturbation H1 is added to Ho'
The matrix elements of Hl between the above four states are (in
the same unspecified units).

Kl 2 3 4
1 |1 . 1 3 2
2 {1 2 {~/6 0
3 |3 [|-/6 1 4
4 |2 0 4 0
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9:00 - 10:00 a.m,

QUANTUM MECHANICS (1 hour)
Closed Book,
Do 2 Problems.

1. A particle of mass m and anguiar momentum 4 = 0 is trapped in
the following potential:

NN

o]
o
[wg

r

>
The energy of the particle is EO<<VO.

a) Estimate the lifetime of this state.
b) Now assume the particle is incident on this potential from
the outside with energy Eo. Estimate the diffgrential

cross section.

2. A certain molecule is made out of two atoms of mass M each.

The potential acting between the atoms is

o )7 (2))

with Vo and r, given, Discuss gquantitatively the low lying

gpectrum of this molecule.

3. A proton of mass M and kinetic energy R is captured by a heavy
spin zero nucleus, Z, leading to the ground state of nucleus
(% + 1) and photon, Yy, of energy E - A, The spin of the
nucleus (Z + 1) is . The total cross section for this process
is o(B). 1In terms of o(E) what is the cross section for the

reaction
¥ 4+ (2 + 1) —> (Z) + P

at an incident energy E’. You may treat the motion of the
proton nonrelativistically and ignore any recoil of the heavy

nuclei,
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The matrix elements of Hl connecting these four states to all

higher states are negligible,

To lowest nonvanishing order find the corrections to the

energies of these states.

The Hamiltonian of a frée particle in one dimension is
. 2
H = Pop/Zm

Let Pop(t) and Xop(t) be the Heisenberg picture operators for
the momentum and position at time t. Evaluate

a) [Pop(t), Xop (£1)]
p) [Xop(t), Xop (8]

A particle of mass m and charge e is in the (nX = 0, ny = 0,
n_ = 1) state of an isotropic harmonic oscillator of natural

fregquency .

a) What is the probability of the particle decaying into the
ground state and emitting a photon in the direction 8,0 7
b) What is the lifetime of this state?

You may assume that ﬁg% << 1. FExplain why this is a useful
me

asgumption for the above problem.

The motion of a Dirac particle in a certain potential is

governed by the Hamiltonian

H=c ap + ﬁmcz+ RU(T)

with & =(f ?) , B =(1 0)
U o o-1

(1 is the 2 x 2 unit matrix aund the g's are the usual Pauli

matrices). N. B. There is a B in front of Ulr).

a) Obtain the nomrelativistic 1imit of the above Hamiltonian.

b) Do the same for the Hamiltonian

H=co P+ ﬁmc2 + ygUlr)

5 o 1
where Yg = ( ) ,
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7.

A proton of mass M is bound in some fixed potential with
binding energy E The wave function of this bound state
is U(r). A fast electron (mass K) with a large momentum
ki (n k2/2u>>E } is incident on this system. You may assume

that the electron interacts only w1th the proton,

What is the cross section for knocking out the proton in
dlrectlon k and for the electron to emerge with momentum-
k ? Express your answer in terms of the Fourier transform
of ¢ ()

- ig:r
o(q) = EE:;E@~/13 u(r)dr
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4:00 - 6:00 p.,m,

GENERAL
Answer any 10 questions

We all say that the photon has wero rest mass. Experimentally
how well is the rest mass known? Describe an experiment to

measure the photon rest mass.
What is a parton? A quark?

1 measure the resistivities of potassium and silicon as func-
tions of temperature near 300°K. Why do the two p(T) curves

have slopes of opposite sign? TFor each material what is the

" functional ferm of p(T) near 0°K?

While floating near the moon in your space suit, you encounter
an extraterrestial being also in a space suit, You hold out
your right hand to shake and he holds out his left. Why do
you not shake hands with him? Describe how you might communi-
cate with him, using only unpolarized electromagnetic radia-

tion, and learn if it is safe to shake hands.

The concentration of 002 in the earth's atmosphere ig increas-

ing at a rate of almost one part per million per year. The

- regulting direct effect on the earth's energy balance is

called the greenhouse effect. Describe it.

A stick of length Lz,'measured in its rest frame, slides along
an ice surface with velocity v (very close to ¢) in the direc-
tion of its length. It approaches a hole in the ice a distance
L. across, in the frame of the ice, where Lz is much less than

2
L

1 However, the stick is moving so fast that

2

v
Lo 7> Ly W+ =73
C

and consequently the stick falls in. How would an observer on
the stick describe this?
pescribe the transistor and briefl& state its principles of

operation,
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10,

11,

12,

You receive an article in which the author proposes to build
an EASER (g}ectron gmplification by stimulated emission of
radiation), that is, an electron analog of the laser. Why

do you immediately throw the article away?

Relate Cherenkov radiation and the mechanism causing sonic
boom in aiveraft, Could Cherenkov radiation be seen with

gravity waves?

In the Figzeau experiment light is propagated through' a moving
medium, such as water flowing through a pipe. what is the
speed of propagation measured in the laboratory and wnat does

this result require of the "ether"?

Deseribe how the Hanbury Brown-Twiss intensity interferometer
(R. Hanbury Brown and R. Q. Twiss, 1956) can be used to meas-
ure stellar diameters. How does it differ from the Michelson

stellar interferometer?

Write a sentence or two defining each of 3 of the following:
a) Roton _

bh) Nematic liquid crystal

¢c) Strangeness

d) Dilution refrigeratoxr

e) Neutrino

£) Tardyon,
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Physics Qualifying Exam UCI
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THERMODYNAMICS AND STATISTICAL MECHANICS

{Open book.

Answer 4 questions.

1.

A gas satisfies the van der Waals equation of state
(p + a/vz) (V -~ b) = RT .

a, Tind its entropy and internal energy in termsof C,
b, Using an expansion in 1/v compute-cp - Cv up to perms
of order I/V-. ' "
1

. The energy difference hetween the SO and 3S0 states of He

is 159,843 cmhl. Taking into account the angular-momentum
degeneracies evaluate the fraction of excited (triplets
atoms in Helium gas at 6000°K. _
[Constants: k :—1.38'x.10“1§ erg/%K = 8.6 x 107%ev/9K; 1 eV

corresponds to a wave number 8066 cm_I]
S8how that the chemical potential of‘a photon gas 1s =zero.

An electron in a magnetic field ﬁ has an energy * pBH,
depending on the spln orientation relative to H.

Calculate the spin paramagnetlc susceptlblllty of a com-

pletely degenerate Fermi gas at absolute zero,

The canonical partition function for a certain system of

N particles at a temperature T and volume V is

N 3

_ 1 v N_~v/)\7)

QN(V,T) = X7 (1‘3‘) 1 + 27 e j
A =<J(zm2)/<m)

Using either the canonical or grandcanonical partition func-
tion (grandcanonical much, much easier), find the equation
of state of this system., Sketchh a P-V isotherm and discuss

its salient features.

Find the density distribution of a gas in a cylinder of radius
R and length % rotating around its axis with angular velocity

w, assuming that the total number of particles is N.
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May 16, 1972
1:45 — 3:45 PM

b

MATHEMATICAL PHYSICS

Closed Book
Do 5 Problems

1.

2.

a.

Show that the "harmonic oscillator'" wave-functions

_2/
1 x“/ _
¥ (x) = (-1)“(2“n:n§) /2 4 T

are, up to a constant, their own Fourier transforms,

What is the meaning of the relation:

(=]
v

2 1(>~I)\Ifn(y) = 8(x~y) 7

‘o
Assume that any function f, such thatj~ If(x)]?dx < oo,
-

can be gxpanded into a series with respect to the Qh .

f(x) nzg qub(x) , such that
[<]
X 2
1lim .f l£(x) - 2o ¢C T (x)|%dx. =0 .
Noow 7 n=o "1 :

Compute the Fourier transform
[<=]

j! f(x)e—ikxdx

bl 42

T () 3'3%?

in terms of the {Cn} and show that

Jﬂ If(x)lzdx = ]ﬂ ]%(k)lzdk

Use the method of steepest descent to derive Stirling's formula

S B (/e) M 14061/ )

o]

Jﬂ xkeuxdx
o

r (\+1)

i

with T (A1)
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.3'

Show that
271
J' de 5 =-“m%E§§*3/2 (a>b>0)
o (at+b cost)” (a”~b

Use Fermat's principle to show that light-rays starting from
the origin in & (tWO~diménsiona1) medium with index of refrac-
tion

%_=.*~#%::: | (A = constant)

are parabolas,
What is the mechanical analog of this prqblem?

Find the normal modes of vibration of an HZO mnolecule (sce
Figure). You may use either group - theoretical methods
{(the character table of sz is given bhelow) or gqualitative

symmetry reasoning to determine the three modes,
c L]

pPATE
4
, E C2 oy Oy
§ N 11 3 1 3 1
(Here 02 leaves O in place, o, is the feflection leaving all

atoms in place, cé leaves only O in place.)

Discuss the conformal mapping

ﬂ-w '
h v 1T
= L —
% : (e + v )

with h and V constants., What electrostatic interpretation can

you attribute to the h, V, Imw 7?

Study the small vertical vibrations of a homogeneous, perfectly
flexible string of length 4, fixed at one end, free at the
other and rotating around the fixed end in a horizontal plane

with fixed angular velocity .

u A

\g,xﬂ : _ulx,t)

>

w.-'

(Continued)
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7. (Continued)

a.

Using the notation 1n the figure and assuming that the

centrifugal force exerted at the point X, which is equal
to mwrz, withm = p(4-x) , T =-£§§ , is the.only restoring -

force, show that the equation of motion is

2 2 ‘
2%u _ w3 [( 2 2 au}
KL R L s~ (1)
atz 5 00X ox
with boundary conditions
u(o,t) = 0, u(L,t) = finite _ T (2)
b. Find the normal modes of vibration.
C. Find the motion of the string if the initial conditions are
u(x,0) = oX
au(x,0) = 0
3t
Necessary formulas:
n, .2
P (&) = 1 a“¢g”-1) are solutions of the
n olnt dgn '
equation
._El— -— z.iv_] L) ==
de [kl g ac + o)y 0
with boundary conditions:
y (&£1) = finite
+1
: 2
=4 =
j. Pn(b) Pm(g) d§ 2n+l ®m
.-1 .
- _ (3D (2n-1) '
Py (0) =0 Py (0) = (=17 ~rHy
8. Use Rayleigh"Schrgdinger perturbation theory to determine the

change in the rundamental frequency of a rectangular membrane

Os=x=<a , Osysb , produced by a gmall nonuniformity of the mass~

density of the form

a
P, + & 0% <o
p(X,y) = N , 0sysb
pO ..-—2—-<X58,

po = constant
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- 8, (Continued)

£Hint: The normal modes satisfy Helmholtz' equation

Vzu + wzu = 0 with wz =k

p
where k is the tension. Use the expansion
p,te ite Po
Po

agssuming -éi < <1, before applying
o .

perturbation theoryj].



