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SUPERCQNDUCTIVITY IN THE HUBBARD MODEL
WITH STRONG REPULSION AND WEAK INTERACTION

V.1. BELINICHER
InstituteofSemiconductorPhysics,SOANSSSR,Novosibirslc,USSR

Received2 August 1989;acceptedfor publication19 September1989
Communicatedby V.M. Agranovich

Superconductivityof anelectronsystemwith strongcorrelationswith filling closeto oneelectronpercellis investigated.Some
specialvaridblesreducingtheHubbardmodelto asystemof holesandlocalspinsareintroduced.Variousmagneticstatesofthe
model: ferrqmagnetic,paramagneticandantiferromagneticareinvestigated.It is shownthat thetendencyto pairingcausedby
electroniccorrelationsis suppressedby magneticfluctuations.

The Hubbardmodel describesa systemof elec- Hamiltonian(1) for U-+ co hasin termsofthe Hub-
tronson a lattice with the Hamiltonian [1,2] bardoperatorsXv,” the form ~=~+~flt, with

+ - 1 ~= >.:p~0x~o, = ~ ~ (2)~ t,~c~0c~0+U~~ ~ ( ) fl,+n
fl#fl’ fl nO

On constructingthetemperatureGreenfunctionsof
wherec~,c1WaretheFermioperatorsofelectronson the initial Fermioperatorsc~,c,11, we replacethem
the lattice site n with spin projectiona= ±~ t, .~ by theHubbardoperatorsX~°,X~°andaveragethem

= I,,,, is the electronhopping integral from the overthe primarydensitymatrixPo= exp( — fl~)to-
lattice siten to the latticesite n’; U is the constant getherwith the temperatureS-matrix
of Coulombrepulsionon a latticesite;ñ,,=c~c~0is
theoperatorofelectronnumberwith spinprojection / f
a; u,=ow0— p is the chemicalpotentialdepending ~5’~= T~exp — j ~ ( r) dr
on the spin projection, wherew0 is the precession
frequencyof the electronspin in an externalmag- where/1= 1 /T istheinversetemperature,~ris theim-
neticfield andp is the usualchemicalpotential. aginarytime, and T~is the time orderingproduct.

We shall developthe methodof strongcoupling OnecanproveWick’s theoremfor the Hubbardop-
whenthe lasttwo termsof the Hamiltonian (1) are eratorsX~averagedwith the primary densityma-
takeninto accountvery precisely.The first term is trix Po following theideasof Yaks, Larkin andPikin
consideredas a perturbation [3]. For U>> I only [4]. Thebasic result of Wick’s theoremis formu-
threestates I na> = I nO>, nt>, I nj.> can be con- lated in termsof commutatorsor anticommutators
servedperlattice siteandthe state I nt,~>with two aloneof the operatorsX~betweeneachotherand
electronsper lattice sitecanbe removedor canbe the meanvaluesof the powersof the diagonalop-
takeninto accountas a perturbationby the param- eratorsX~°,X~with primarydensitymatrixPo. The
eteri/U. In thatcasethe operatorsc~,,c1W, ñ,,,, can resultof Wick’s theoremcanberepresentedincorn-
be expressedin terms of the Hubbardoperators pact form if we presentthe operatorsX~/’in terms

= I na> <bn I [3]. of the BoseandFermioperatorsandthe accidental
The operatorsX~°andX~°anticommutein var- field asit wasin thesimplercaseoftheSU(2) group

iouslatticesites,while the othersjustcommute.The in ref. [5]. Sucha generalrepresentationwaspub-
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lishedin ref. [6] andwill be provedin a latermore themagneticstructureofthemodelgroundstate.The
detailedpublication.Thereweshallstudythecaseof groundstatestructurecanbe determinedin a self-
nearlyhalf-filling, whenthe Hubbardholesare the consistentfield approximationwhen one cancon-
chargecarriersandthe chemicalpotentialis essen- fine oneselfto the lowestorderof perturbationthe-
tially largerthanthetemperatureu>> T. In thatcase ory. Suchanapproachcanbe foundwhenthereare
the Hubbardoperatorscanbe expressedin termsof a greatnumberof neighboursz aroundeachlattice
the Fermi holeoperators~ h~ andthe operators site. In that casethe Fourierimageof the hopping
of spinone-halfs,,, integraltk satisfiestwo simplerelationswhensummed

overthe Brillouin band,
X”+X”_=N=l—h~•h,

>t~=O, ~t~=t~/z<<t~. (6)
X°°=l—N, Xtt_X~_=2sOT, k k

Xt~m$, XU_=s~, sT=s+~h~ah. (3) We shall alsosupposethat the numberof holesper
latticesitep is small,p << 1.

HereN is the electronnumberoperator,5T is theO~)~ The ferromagneticstate with spins orientedin
eratorofthetotalspinwhich consistsof thelocal spin somedefinitedirectionshasa simplerstructure.This
sandtheholespin ~h~ahwhereaarethe Paulima- stateis realizedat a sufficiently largehole concen-
trices, further

tration 1 >>p>> I/U and low temperatureT~<pE
0,

= h jf, ~ = — h ~- where E0= — p is the Fermi energy. Holes and
magnonsarecollectiveexcitationsin the ferromag-

X~°=(~+s°+h~h)h~—s~h1, netic phase[7,8]. The hole—magnonHamiltonian

— (~—s°+h~h)h~+sh~. (4) canbeobtainedfrom (5) by meansofthefollowing
non-Hermitiansubstitutionof the local spinss on

Formulae(3) and (4) makeup the non-Hermitian the Bose operatorsa, a
representationof the gradedSpl (1,2) algebra.Re-
lations (3) and (4) do not representthe exactop- s°a~a+Ø,s=a,
eratorrelationsdeterminedin a Hilbert space.They ~+ = — a+ (20+a + a). (7)
permit one to calculatethe Greenfunction in the
frameworkof thetemperaturediagramtechnique.In Here0 is the accidentalfield introducedin ref. [51.
the caseof the full Hubbardmodelat U’~~co onecan At T—0,0 doesnotfluctuateandapproaches— ~and
constructthe representationof the gradedSpl(2,2) the representation(7) turns into the well-known
algebra.Thetotalsetof dynamicalvariablesconsists Dyson—Mallev representation[5]. The Feynman
of electronsin lowerandupperHubbardbands,lo- diagramsfor themassoperatorsofholesI~andmag-
cal spins and excitons that transmitelectrons be- nonsPq,
tweenthe two bands.If we substitutethe represen- v _____ ________ _________

tation (3), (4) by X~’in the Hamiltonian (2) we _____ _____ ~ ~ + .~“

get the following effectiveHamiltonian,

~ tnn.h~(h~hn+sna)hn + ‘.“~‘~+ ~tL~ (8)
n+n

+ -~ ~ t~,,sn sn, (5) determinethe dispersionlaws of holes~ andmag-
U n+n’ nons~

0k.

wheresummationis implied overthe spin indices.
The lastterm in .~ is a correctionof the order i/ 1~+ JL
Uto theHamiltonian (2) that is part oftheAnder- E

4~ ~ for T-40,
sonsuperexchange.This correctionis essentialfor t /1
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cv~=~(tk’—tk+k’)(p~—p~). (9) K~= ~
k’

Here the solid line representsa hole, the wavy line — * —~Z~~-~- —~—* —,

representsa magnon,andthebrokenline represents
the longitudinal spin component;q= (cv, k) is the
four-momentumof a holeor magnon.p~is thehole K~= — ~ _/(i. - -

distributionfunction,p= (Ez/to)3”2/6i~2.Thestrong
splittingof the holedispersionlaw accordingto the = ~ô,~ô(w)/(1—TIk/2T), (12)
spinprojectionis impliedby (9), thustheholeswith
only a spin prøjectionare thermally excited. The where the polarizationoperator‘7k has the well-
Goldstonetheoremis fulfilled for the magnondis- known form
persionlaw (9). Themagneticenergyof theground
stateis determihedby the two following diagrams, I7~= ~ ~*‘ tk+k ~ ~‘~) (13)

k ~ ~k+k’ ~

E= c1T~+ ~ ~me~ (10) Expressions(12) and (13) for K~’are the basic
andin analyticform approximationwith respecttotheparameter1 /z,and

at k= 0 it has the characteristicpole at the ferro-
E= ~ (~Lo*°+ ~8P~°/c3~). magnetictransitiontemperature.If theAndersonsu-

ko

perexchangeinteractionwas takeninto accountin
Comparingit with the energyof the paramagnetic (12), thenat p<i/U andmomentumk= E (1, 1, 1)/
stateonecan be convincedthat the ferromagnetic a,wherea is thelatticeconstant,the poleconnected
statehaslow energyanddeterminestheCuriepoint with the antiferromagneticphasetransitionappears
of theferromagneticphasetransition in the spin correlatorK~.The primaryholescatter-

T~=E~2/4it2z~t~/2E
0p. ing amplitudecanbeeasilyobtainedfrom the Ham-

iltonian (5),
Theseresultsare consistentwith theNagaokatheo-

2- 4-rem [9]. DuetothestrongFermisurfacesplittingin

the ferromagneticstatesuperconductivitycannotbe = — (t~+ tk2). (14)
realizedwith anyreasonableattractionmechanisms. 1

The paramagneticstateis realizedat sufficiently This amplitudeis positivefor electrons(repulsion)
high temperature andnegativefor holes (attraction).This statement

T>E0p wasfirst madein refs. [10,11] and may be inter-
pretedas an effective band narrowingwhen elec-

“above the ferrcmagneticregion” or tronsapproacheachother,which increasestheelec-

T>~t0(t0p_U)/Up tron energy and decreasesthe hole energy. The
kinematicholeattraction(14) makesthe supercon-

“above theantiferromagneticregion”.Thehole dis- ductivity discussionreasonable.Thisattractionsur-
persionlaw in a paramagneticphaseis givenby passesthe attractioncausedby superexchangedis-

cussedearlier [2,16] for the parameterU/i.(11)
Thetechniquedevelopedabovepermitsonetoget

ThespincorrelatorK~in the paramagneticphaseis theGor’kov systemof equationsforanormalandan
of a quasistaticalcharacter.It canbe calculatedin anomalousGreenfunction in termsof thehole op-
the randomphaseapproximationby summingthe eratorsh ~, hno. The anomalousmassoperatorsin-
chaindiagram~eries dude three contributions in the low order of

interaction,
<s,(q)s~(q’)> =d

4(q—q’ )K~~
-0~
+~— +—-+ ‘•— ~- ‘~.(l5

)

• p + I — t * + t~ W P
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Herethe ±signscorrespondto the spinprojections holes is stronger,leadingto a repulsiononthe Fermi
of theholes.Thefirst contributioncausedby the ki- surface [14]. The repulsion/attractionratio is de-
nematicattractionof the holesandthe last two are terminedby the parameterU/to~J~in the frame-
connectedwith the hole scatteringon spin fluctua- work of the hole intermodeladderapproximation.
tions which as shown by Abrikosov and Gor’kov Thereforethe spin fluctuation destroys the super-
[131 destroysthe superconductivity.Our situation conductivity in that caseaswell.
differs from that in ref. [13] in two respects:(a) we The picturedevelopedabovedoesnot take into
havethefluctuation of aspin latticecontraryto the considerationthe processof the hole spin bag for-
caseofparamagneticimpuritiesin ref. [13]. (b) The mation, i.e. the constructionof a ferronor magnetic
holeattractionis not localizedon the Fermisurface. polaron [151 whenthe holepolarizesthelocal spins
It canbeshownthat thesuperconductivitycriterion and forms ferromagneticregions arounditself. If
[13]: the superconductivitygap4~without taking Coulomb hole repulsionis not consideredthen all
into accountspin fluctuation,would be larger than holesform one big ferromagneticdrop. Whenthe
the energy level width on the Fermi surfaceM’S Coulombrepulsionis takeninto accountthenumber
causedby the hole scatteringon the spin fiuctua- of holesin the drop is finite, but the drop forms a
lions, is valid in our casetoo. From the BCS self- lattice that sticks to impurities (pinning) andthe
consistentconditionson the gapparameterfollows systemis dielectric. Thesituationwhena drop con-

sistsonly of two holesandthe two-holedropsform
4

5=E0 exp[—c(t0/E0)”
2] ~ the Bosecondensateseemsto beexotic.

E
0= p—3t~, c 1. (16) Let us discuss the questionwhether the non-

phononmechanismofsuperconductivityin a model
Onecangetexpression(16) for A~if we decompose of strongcorrelatedelectronsis possiblein thecase

of weak interaction.Thisquestionseemsreasonable
Ia 10(1— a

2k2/z) dueto the kinematicmechanismof attractionof the

in a neighbourhoodofthemaximumof theBrillouin holesin a low Hubbardbandandthe electronsin an
bond.Thespinwidthof theenergylevel on theFermi upperbanddueto electron—holesymmetry.Theba-
surfacecanbe easily obtainedform the massoper- sic reasonsof the pairing destructionare magnetic
ator (15) fluctuationsthat are sufficiently strongat the usual

paramagneticandantiferromagneticphases.It is ap-
1~f’~=3it(1

0E0)”
2/2, A, <<hI’,, (17) parentthat suchfluctuationswill be suppressedin

the phaseof thequantumspin liquid [2,16,17] de-
andpairingisdestroyedduetotheholescatteringon pendingon theparametersE

0/t0. Whetherthe pair-
spin fluctuations.

ing is conservedin thatsituationisanopenproblem.
Theantiferromagneticstateis realizedat a low hole

concentration ~o~ i/U and low temperatures I shouldlike to acknowledgehelpful and stimu-
T~t~/U. In thatcaseweshallbeconfinedto a qual- latingdiscussionswithA.A. Abrikosov,E.G.Batyev,
itative descriptionalone.The numberof hole exci- L.N. Bulaevsky, R.O. Zaitsev, Yu.M. Kagan, A.I.
tationsdoublesdue to the decreaseof the Briulouin Larkin, S.Y. MaleevandM.V. Sadovsky.
bandvolume.As follows from the Hamiltonian (5)
the hole hoppingon a neighborhoodsublattice is
possibleduetoquantumfluctuationsofthespinpro- References
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