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The three-band model with the O-O direct hopping near to unit filling is considered. We present the general procedure of
reduction of this model to the low-energy limit. At unit filling the three-band model in the charge-transfer limit is reduced to the
Heisenberg model and we calculate the superexchange constant. For the case of small electron doping the three-band model is
reduced to the -7 model and we calculate electron hopping parameters at the nearest and next neighbors. We derive the structure
of corrections to the ~~J model and calculate their magnitudes. The values of the hopping parameters for electron- and hole-doping

differ by approximately 40%.

1. Introduction

Since the discovery of electron-doped supercon-
ductors [1] there has been growing interest in the
structure and properties of these systems [2-4]. The
electron- and hole-doped high-temperature super-
conductors (such as Nd,_,Ce,CuO, and
La,_,Sr,CuO,) both have CuO, planes with the same
structure constant. In spite of the similar structure,
the experiments show strong asymmetry in the prop-
erties of these compounds. Thus, the critical tem-
perature for Nd,_ ,Ce CuQ, is only 22 K, in contrast
with T,=40 K for La,_,Sr,CuQ, [5]. Also, the dop-
ing concentrations which destroy the AF order for
electron- and hole-doped systems are ~ 15% and 2-
3%, respectively [2,3]. To study such asymmetrical
phenomena might help to illuminate the nature of
superconductivity in these compounds.

Since the structure of the CuQ, plane is the same
for these compounds, one can expect that the well-
known three-band hamiltonian [6] should be suit-
able for both of them.

In this paper we investigate one electron over unit
filling in a CuO, plane. We start from the Emery
hamiltonian [6] with the O-O direct hopping. On
the basis of our general approach to the low-energy
reduction [7], we obtain the effective single-band
hamiltonian. The equivalence of this single-band

hamiltonian and the ¢—J model is discussed and the
second-order corrections to the t~¢'~J model are de-
rived. The effective parameters of the ¢—t'—J model
for the electron are calculated in the realistic region
of Emery model parameters. Effective hopping is less
than in the case of hole-doping. A similar conclusion
was obtained in the work by Zhang and Benneman
[8], but they used the perturbation theory over the
parameters f,q/ Uy, tpa/ (€,— €4) Which does not work,
as was argued in our previous works [7,9].

In section 2 we represent the three-band model in
more suitable terms for reduction to the single-band
model. We use a three-step procedure. At the first
step we introduce the symmetrical and antisym-
metrical oxygen operators. At the second step we
separate out the one-site hamiltonian and get its so-
lution. At the third step we represent the primary
hamiltonian in terms of the Hubbard operators which
reflect the structure of the solution of the one-site
problem. In section 3 we briefly consider the three-
band model at unit filling. Then, we apply the
Schieffer-Wolff transformation [10] for getting the
J-term of the low-energy hamiltonian. In section 4
we get the effective electron hopping parameters and
the correction to them. Also, we discuss the accuracy
of the t—t'—J models for the electron-doped system.
Section 5 presents our conclusions. In the Appendix
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some details of our considerations are given.

2. Three-band hamiltonian

The three-band model with the direct O-O hop-
ping is given by the following hamiltonian [6]:

H=€d Z di:tdla+€p z pr:apma
La m,a
+Ud21:d17dhdffdu+H', (1)

where d}}, (d,,) creates (annihilates) the hole in a
Cu d,2_,: state at site /, pjhg (pnp) creates (anni-
hilates) the hole in an O p,,, state at site m, ¢4 and
€, are the energies of Cu and O levels, respectively,
Uy is an intrasite Coulomb repulsion at the copper
site.
The hybridization term H' is given by

H=t Y (diPmx+hc)

Im>a

) Z

{mm' Yo

(PmaPmathe), (2)

where {/m) denotes the nearest-neighbor Cu and O
sites, {mm’ ) denotes the nearest-neighbor O sites.
In eq. (2) we follow the sign convention of refs.
[11,12]. ~

As was first noted by Zhang and Rice [13], it is
conveniently to use the orthonormalized oxygen
states on the four oxygens around a Cu site. In our
previous work [7] we have represented the hamil-
tonian (1), (2) in terms of orthogonal symmetrical
and antisymmetrical oxygen cluster states,

a@= ; (147%) =12 (cos(ky/2) Dux

+cos(k,/2)p,) exp(—ikr)) ,
Gi= ; (1+y%) =2 (~cos(k,/2) pax

+cos(k./2)px,) exp(—ikr) , (3)

where summation in eq. (3) is produced over the
Brillouin zone with y,=14 (cos(k.a)+cos(k,a)) and
Dxxy are the Fourier images of p,,, ,,

Pixy= D, Dmexp(—ikr,) . (4)

mex,y

The physical reason for the introduction of ¢, and §,

states [13] is as follows. The hole at the copper can
hop only at the symmetrical combinations of the ox-
ygen states. If we separate out the oxygen states which
interact strongly with the copper states, we can solve
the problem of determination of the low-energy two-
hole states or vacuum states at the background of the
one-hole states (spins). The states g, §; (3) are in-
dependent at different sites and are orthonormal-
ized. They are very convenient for solving this
problem.

The original hamiltonian (1), (2) in terms of g,
g, takes the form

Hy=¢4 IZ ditdiat € lz (9591 +dihada)
o o
+ U, ; dird,ditd, ,

H =2t Y Ap(dhgrathc) (5)

Wy

-1l ”Z (i (ddra—4iara)
Be

+ vy (gihdrathe.)},

where the explicit form of the coefficients A, g, vy
can be obtained from eqgs. (1), (2) and (3),

{2" M, V}ll' E{A’ H, V} (l_ll )
= ; {4, visexp(—ik(I=1')), (6)

with
Ar=(1+)"2,
=8 cos? (k./2) cos®(k,/2) (1+y) "2,
=4 cos(k./2) cos(k,/2)(cos?(k,/2)
—cos?(k,/2)) (1+3) =172,
These coefficients decrease rapidly with increasing
[{-1'|. The values of A, # and » for small |I—1’ | are
given in table 1. One can easily get that vo,=0 and,
therefore, the mixing of g and § at the same sites is
absent. The transformed hamiltonian (5) is equiv-
alent to the three-band hamiltonian (1), (2).

We divide the hamiltonian (5) into local and hop-
ping parts:

}Iloc=€d IZ dltxdla + (ep —ﬂotp) IZ ql-:-:lQIa
1 o
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Table 1
The values of the coefficients A(I-1'), u(I-1'), v(I-1') as func-
tions of (!-1')=nx+my

n,m An.mzim n Mn.m= Umn Vom=—Vmn
0,0 0.9581 1.4567 0.0

1,0 0.1401 0.5497 0.2678

I, 1 —0.0235 0.2483 0.0

2,0 —-0.0137 —0.1245 0.0812

2,1 0.0069 —-0.0322 0.0609

2,2 0.0035 0.0231 0.0

+ (& + oty) IZ(; Giadia+ Us ; dpdpdiidy
+2MOHZ (ditge+he),

Hhop=211§ Ap(dhagrqa+he)

—Ib I['Za {ty (Qia9ra—Giadra)

+ vy (gidrathe)} . (7)

Hereafter, a sum over /, /’ denotes /#/'. One can see
that the hybridization term in H,,. (7) includes only
the symmetric oxygen state in agreement with Zhang
and Rice [13]. The direct O-O hopping, once taken
into account, does not mix local states with the op-
posite symmetry.

For the case of unit filling there is one hole per unit
cell. Therefore, one can introduce the set of one-hole
cluster states

ldo>=d3 10>, 1dad>=qa 10>,
|da>=4a 10>, (8)
and rewrite Hy, in these terms:

Hllocz Z {Gdeig‘f (ep"“.uotp)X?o‘(I
La

+ (&t Holy) XTI +2tAo(X# +hoc) (9)
where
Xﬁflam)(blal (10)

is the Hubbard operator at the site /, and o= =*1 is
the spin projection. It is convenient to introduce the
Hubbard operators because they form the natural
basis for description of one-site states. If we also in-
troduce the non-diagonal Hubbard operators we can

simply express all operators in our hamiltonian (7)
in their terms. Diagonalization of HL. (9) is per-
formed for each site independently. After diagonal-
ization, H| . is given by

Hipe= Y {6 X+ e XB+ (6, + toty) XT1, (11)
La

with

lfa>=Ulda>=Vqa> ,

18> =V1da>+Ulga> ,

U= ((R,+4)/2R})"/?, (12)
V=((R,=4)/2R;)'?,

where R, =(4*+41223)'2, A=(d— pot,)/2, and
€o=—A TRy, Ady=(4+ poty) /2, d=€,—€4. As dis-
cussed in ref. [7], we assume that at unit filling the
groundstate of the CuQO, plane is the low |fa ) - states
on each cluster (the hole on the copper with admix-
ture of symmetrical combination of the hole on the
nearest four oxygens) with a virtual transition at
neighbors. Such transitions give the superexchange
interaction in the section order of perturbation
theory.

The hopping part of the hamiltonian (7) contains
transitions between vacuum, one- and two-hole states
at the different sites. For a detailed consideration of
this subject see ref. [7].

3. Superexchange interaction

Here we consider only the terms of H,,, that are
relevant to intersite interaction:

Hyop= ”Zﬂ FR(XPe X2P+ XPOXPY ) (13)
&

where y is the set of two-hole states, which are five
singlets and three triplets [7], F%% are matrix ele-
ments of the hamiltonian for transition from {f;, f;}
to {y, 0,} states.

By applying the Schrieffer-Wolff transformation
toeq. (13) (see Appendix and refs. [7,10]) one can
get
H;=7} (JuSiSr + Yy NNy ), (14)

i

Si=10., X%, N=XI"+X}.
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The expressions for the J; and Y, constant are given
in the Appendix.

Thus, we have established that at unit filling the
groundstate of the CuO, plane is the system of local
spins which interact antiferromagnetically. Since J;-
decreases rapidly with increasing |/—/'|, we hold
only the nearest-neighbor term in eq. (14) and re-
ceive the Heisenberg hamiltonian. One can check that
Yory~—3J .y and so
HFJZJ&ﬁﬁmm%

r
J=J s . (15)

The second term in the hamiltonian (15) can be es-
sential when the system goes away from unit filling.

4. Electron-doped system

The doping of the CuO, plane by the electron is
equivalent to removal of a hole from one of the clus-
ters. Hence, in the hole picture the electron is “zero”
or vacuum state. If the hole (spin) is taken away from
cluster, the neighboring holes (spins) can hop to the
empty site. Thus, the mechanism of the movement
of the electron is different from the movement of the
added hole. The electron moves as a “hole-in-hole”,
whereas the hole moves as a local singlet.

4.1. Hopping hamiltonian
From the expression for H,,, (7) with the defi-

nitions (12) and (10) one can easily get the zero-
order electron hopping hamiltonian,

Ht= Z T”'X?JO‘X/[-QI’O 5 (16)
e

with

T?,, = —4[}.” UV— tp,u”» V2 . ( 17)

The electron hopping hamiltonian (16) coincides
with the hole hopping hamiltonian derived in refs.
[7,9]. They correspond to the t-¢'—... terms of the ¢-
t'-J hamiltonian. But the expression for the hole-
singlet hopping is more complicated [7]:

Th =2thy (2U, U= W, V)
X (J2V, V=W, U)

— bty (2V V=W, U)?/2, (18)

where U and V were determined in eq. (12), and U,
V), W, are the components of the eigenfunction of
the local singlet.

Thus, we have mapped the three-band model for
one electron over unit filling to the -t —J model. The
hamiltonian (15), (16) in terms of the Hubbard op-
erators can be rewritten in a more usual form:

H_ =t ) 51351ra+1<;> (SSr—35aAr),  (19)

Ky o
Elazcla(l_ﬁl,—a) > 6:I-:;zz(Elcr)*‘ s
Si=3ci 0c, Ai=(cf ).

Here ¢, c;, are the electron creation and annihi-
lation operators.

4.2. Second-order corrections

With the help of Schrieffer—Wolff transformation
we shall obtain the second-order corrections to the
t—t'-J hamiltonian. The corrections to the first hop-
ping parameter will be small and the -/ model may
be valid. The corrections to the other hopping pa-
rameters are not relatively small and, therefore,
models with the hopping at neighbors farther than
the nearest must be more complicated than the sim-
ple t—t'—... type.

First of all we shall obtain the correction to the en-
ergy of the electron. Such a correction arises due to
the virtual process of hopping of the electron at the
neighbors with transition to the excited state and
back. The corresponding hamiltonian is given in the
Appendix. The resulting second-order correction is

8Heg=— Y My X{°N, (20)
I

with
T2 |2

M,,,=I % sl ’
€ —€

Tﬂ,f=2tl”»(U2—V2)+tp/1,,,UV, (21)

The hamiltonian 8H; (20) coincides completely
with 8Hg in ref. [7], but the expression (21) for the
M, is sufficiently more simple than for the hole one.

Corrections to the direct hopping parameters can
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be obtained by transformation of the hamiltonian
(13). The result is

SHI = Zlnl’aﬂ,y T';,nl’ {xyX?Ja X{q’o Nn
+2, XPP X0 (0,p80)} (22)

where y is the set of two-hole states, x, = } for singlets
and x,=3 for triplets, z,=1 for singlets and z,= —;
for triplets. The expressions for T}, are given in the
Appendix. As was shown, the corrections to the -1 -
J hamiltonian have a complicated nature and de-
pend on the filling (N-term) and spin state of the
neighbors (S-term). The corrections for the hole sin-
gle-band model [7] and the electron one are quite
different.

4.3. Quantitative results

We have argued [7] that our general approach to
the low-energy reduction of a three-band model is
essentially more correct than the other one, because
we construct the perturbation theory over the ratio
of the effective hopping parameters between the dif-
ferent local states to the energy gap between them.
This ratio for the case of a CuO, plane is of the order
of 0.1. All values of the effective sing-band hamil-
tonian have been derived for arbitrary parameters of
the three-band model, without any assumption about
a relationship among ¢, 4 and Uy. In our calculation
we take Uy=8.2 eV, t=1.4 eV, 1,=0.7 eV, U,=
Voa=0 according to the different papers [14-16].
Also, we have taken the experimental value of J=126
meV [17] and have selfconsistently determined the
charge-transfer gap to be 4=5.07 V. In table 2 we
present the following effective parameters of the one-

Table 2

band model: the hopping parameters to the first, sec-
ond and third neighbors; the contribution of the di-
rect O-O hopping; corrections to hopping and en-
ergy; value of the ratio ¢,/J.

We obtain for the electron hopping t°=¢;~0.39
eV, that is 1.36 times less than the hole hopping [7]
t"~0.53 eV. The role of the direct O-O hopping for
the electron-doped system is lower than for the hole
one. Actually, the admixture of the O-state for one
hole on a cluster is small, unlike for the hole singlet,
where the added hole is mainly on the oxygen. Thus,
the O-O hopping contribution to the hopping at the
nearest-neighbors for the electron (¢,,/t,)°~20% and
for the hole (£,,/¢,)"~36%.

As for the validity of ¢-J, t-t'-J and other models
to the electron-doped system, our conclusions are
similar to the case of the hole-doped system. Thus,
if we hold only the hopping at the nearest-neighbors,
the corrections to the (~J model on a ferromagnetic
background are near to 0.13% for electrons and 2.5%
for holes, and the —~J model is valid. If we are in-
terested in the next-neighbors hopping, it is neces-
sary to include the correction (22) to the effective
hamiltonian. This correction has a complicated
structure and does not reduce to the simple direct
hopping.

5. Conclusion

We have studied electron doping of the CuO, plane
in the framework of the three-band model. By ap-
plying our general procedure of the low-energy re-
duction to the electron-doped system, we conclude
that the —J model is valid as well as to the hole-doped

The first three hopping parameters, the contributions of the direct O-O hopping to them, second-order corrections to them on a ferro-
magnetic background, second-order corrections to the energy, and the ratio ¢,/J

Neighbor Direct hopping Direct O-O hopping Corrections
number, 1 s (eV) tf (eV) 8t (%)

1 —0.3896 —-0.0765 0.125

2 0.0180 —0.0345 122.5

3 0.0480 0.0173 24.2
Correction to Ratio

the energy (eV) —0.0931 1t /7] 3.081
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system. We established some asymmetrical proper-
ties. The effective hopping parameter for the elec-
tron is 1.36 times less than the hole one. Corrections
to the single-band electron and hole ~J models have
different magnitudes. Such corrections are impor-
tant for transitions at the next-nearest neighbors.

It is doubtful that the difference in the parameters
of the one-band model may lead to the drastic dif-
ference in behavior of hole-doped and electron-doped
systems with doping. The strong asymmetrical de-
pendence of the critical concentration for the dis-
appearance of antiferromagnetism is probably con-
nected with the nature of antiferromagnetic ordering
in this system [18]. In the hole-doped systems an-
tiferromagnetism has a quasi-two-dimensional char-
acter and is associated with Cu spins. In the electron-
doped systems the contribution of Nd or Pr spins in
the antiferromagnetic ordering is essential and three-
dimensional effects are more important.
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Appendix. The second-order corrections to the
hopping process

For obtaining such corrections we use the Schrief-
fer—Wolff transformation
H=H=exp(—S)H exp(S),

St=-§. (A.1)

The first-order generator of transformation and the
second-order correction are

[Ho,S1=—H', 8H’=i[H',S], (A.2)

for this model Hy=H,,. (eq. (7)). For the deriva-
tion of the J-term H' = H,,, (eq. (13)). Expressions
for the J; and Y, integrals are given by

|Fy|?
Jp=) x,————
“ ? Ve, +eo—2¢°

2
Yp=—3Yz | Fir | (A.3)

5 Ve, +eg—2¢’
where y is the set of two-hole states at a cluster, ¢,
are the eigenenergies, €,=0 is the energy of the vac-
uum state. Values x,=2, z,=3% for singlets and
X,=—2, z,=3 for triplets. Matrix elements F} are
obtained in ref. [7]. One can check that the major
contribution to J and Y originates from the matrix
element of the transition to the lowest singlet and so
Yows=iJars.

The terms of Hy,, (7), which lead to the energy
correction, are given by

b= 3 P AXPRXEO+ XD X0} (A.4)

The corresponding generator of the transformation
is

Sg=— Y. Fhry {XP/o Y g0 _ xPse xm01 - (A5)
o €g—€f

where |f,)> and |g,> are the one-hole states (12)

with their energies €-and ¢,. Thus, the second-order

correction to the energy has the form (20).
Corrections to the direct hopping (22) can be ob-

tained from the transformation of the hamiltonian

(13). Magnitudes T, are given by

F.F2,
Ty, n{ n . A.
nl' = ey € 2€f ( 6)

The expressions of F}, were obtained analytically and
computed for definite values of parameters of the
three-band model in ref. [7].
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