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Dispersion relation for the CuO 2 hole is calculated based on the generalized t-t8-J model, recently derived
from the three-band one. Numerical ranges for all model parameters, t/J52.4–2.7, t8/t50.0 to 20.25,
t9/t50.1–0.15, and three-site terms 2tN;tS;J/4 have been strongly justified previously. Physical reasons for
their values are also discussed. A self-consistent Born approximation is used for the calculation of the hole
dispersion. Good agreement between calculated Ek and one obtained from the angle-resolved photoemission
experiments is found. A possible explanation of the broad peaks in the experimental energy distribution curves
at the top of the hole band is presented. @S0163-1829~96!04345-7#

Recent angle-resolved photoemission experiments
~ARPES! on insulating copper oxide Sr 2CuO 2Cl 2 ~Ref. 1!
can be considered as a direct test for low-energy models
describing carriers ~holes! in the CuO 2 plane. The experi-
mentally observed dispersion relation Ek for a single hole
has the following characteristic features: ~i! bandwidth about
2J , ~ii! band minimum at the (p/2,p/2) point, ~iii! isotropic
dispersion near the band minimum, and ~iv! almost flat dis-
persion along the line (0,0)→(p/2,0)→(p ,0).

The first result agrees with t-J model prediction as well as
with ones of all possible t-J model generalizations in the
region of parameters when t.J . Following the physical ar-
guments by Kane, Lee, and Read2 it seems to be rather gen-
eral that in the presence of strong spin fluctuations there are
no stable quasiparticles at higher energies (.2J). It is of no
importance whether the ‘‘bare’’ dispersion of the hole exists
(t-t8-J model! or not (t-J model!, since the basic arguments
are the absence of the hole-magnon scattering near the bot-
tom of the band and its domination at higher energies.
Roughly, it looks like some kind of the Cherenkov effect: A
massive quasiparticle cannot create an excitation with linear
dispersion up to the threshold energy.

Experimental observation of the band minimum at
(p/2,p/2) point also agrees with the quasiparticle ~spin-
polaron! dispersion calculated in the framework of t-J-like
models. It is well established by now that the almost degen-
erate dispersion along the magnetic Brillouin zone ~MBZ!
boundary @(p ,0)2(0,p) line# is an intrinsic property of the
pure t-J model, and that it is lifted out by any small ~com-
pared to t , not J) additional hopping integral, for example,
the next-nearest-neighbor hopping t8. Moreover, including
the t8 term in the low-energy model of the real CuO 2 plane
is strongly supported by first principles calculations, which
show that direct O-O hopping provides a large enough trans-
fer amplitude to the next-nearest-neighbor site.3

Thus, it is not very surprising that masses in the directions
along and perpendicular to the MBZ boundary were found
close to each other. To be considered as the experimental
constraint on the parameters of the t-t8-J model at J/t50.4
it fixes t8 near 20.3t .4 Returning to the experimental results,
note that self-consistent Born approximation studies of the
t-t8-J model performed in Ref. 4 show a very good fitting of

features ~i!–~iii!, but a theoretical description of the last fea-
ture, i.e., a flat band along the (0,0)→(p ,0) line presents a
problem for this model. This flat region is absent in the t-J
model quasiparticle band. A simple t8 term adds the ‘‘bare’’
hole dispersion in the form ek

0
54t8coskxcosky . Considering

this term as the correction to the pure t-J model dispersion
one can see that it does not lift the (p/2,0) point from its
t-J model position, and so it cannot provide the flat disper-
sion in principle. Increasing of the t8 parameter leads to the
narrowing of the theoretical spectrum and to a worse agree-
ment with experiment. These failures were the reason4 to
consider the more general model for the interpretation of the
experiment. Moreover, they have made questionable the fur-
ther use of the t-J-like models, which were considered as the
candidates for description of the low-energy physics and su-
perconductivity in cuprates.

Disagreement between experimental band shape and theo-
retical one based on the t-t8-J model returns us to the prob-
lem of the correct low-energy model of the real CuO 2 plane.
There were some recent works devoted to this problem,
which consider CuO 2 holes in the framework of the three-
band model in the strong-coupling limit.4–6 These calcula-
tions reproduce the experimental band structure much better
than the t-t8-J ones, but some of the fitting parameters differ
from those proposed in the cluster analysis of the spectro-
scopic data3 and electronic structure works.7

From our point of view the experimental and pure t-t8-J
model discrepancy is the reason to revise approximations
made in obtaining this model for the CuO 2 plane, not to
deny it.

In our previous works8 we developed ideas of the three-
band model low-energy reduction, proposed by Zhang and
Rice.9 We performed the consistent quantitative mapping of
the initial model to the single-band one using Vannier-
orthogonalized basis of the oxygen states and canonical
transformation approach.10 It allowed us to obtain the low-
energy generalized t-t8-J model and to calculate the ranges
of its parameters for the real CuO 2 plane.

11

Our general statement11 is that there are physical reasons
for including some other terms except the t8 one, namely,
hopping terms to the next-next-nearest neighbors and the so-
called ‘‘three-site’’ terms, into the low-energy model. We
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also should stress that the simple addition of the t8 term
alone to the t-J model is too naive to give the correct de-
scription of the subtle details of the hole spectrum.

In this paper we show that the generalized t-t8-J model
with the set of parameters, which presented in our recent
work,11 reproduces the experimental bandshape at all k
points quite well.

The Hamiltonian of the generalized t-t8-J model has the
form11

H5H t2J1H t8,

H t2J5t (
^i j& ,a

c̃ i ,a
† c̃ j ,a1J(̂

i j&
Si•Sj , ~1!

H t85t8 (
^i j&2 ,a

c̃ i ,a
† c̃ j ,a1t9 (

^i j&3 ,a
c̃ i ,a
† c̃ j ,a

1tN (
^il j& ,a

c̃ i ,a
† c̃ j ,aN̂ l1tS (

^il j& ,ab
c̃ i ,a
†

sb̄ ā c̃ j ,b•Sl ,

in standard notation of the constrained Fermi operators,
brackets denoting first (^&), second, and third (^&2,3) neigh-
bor sites, respectively. Three-site terms are written in the
rotationally invariant form, and N l and Sl are the number of
fermion and spin operators, respectively. tN and tS obtained
for the usual Hubbard model are 2tN52tS5t2/U5J/4;
their ‘‘three-band’’ values are not so simply related to the
other parameters due to the presence of the triplet state.

Ranges for the parameters of the model ~1! are11

t/J52.4–2.7, t850.01 to 20.25, t950.12–0.16,
tN50.01–0.07, and tS520.07 to 20.16. It is worth noting
that the t8 amplitude is smaller than follows from the cluster
calculation3 and t9 is not small compared to t8. As discussed
in Ref. 11 and in the work by Jefferson et al.,12 the main
reason for the difference between Cu 2O 8 cluster and infinite
plane t8 hopping parameters is the Vannier nature of the
latter. It was shown,11,12 that the Cu-O and O-O hopping
amplitudes tend to cancel each other for t8, and sum up for
t9 term. This is the cause of a not small and weakly varied
t9, whereas tCu-O9 (tO-O9 )!tCu-O8 (tO2O9 !.

Previously11 we have calculated spin-polaron dispersion
for the parameters discussed above using the simple varia-
tional ansatz,13 which is quite good for the pure t-J model. It
consists of the ‘‘bare’’ hole and four ‘‘one-string’’ holes, that
is, as is clear by now, not enough for the correct treatment of
the t8 terms.

In this paper we treat the energy calculation problem us-
ing the self-consistent Born approximation ~SCBA!. First of
all, one should turn to the well-known spinless-fermion
Schwinger-boson representation for the Hubbard ~con-
strained fermion! operators.14 In that case the constraint on
the fermion degrees of freedom fulfilled exactly,15 and the
only approximation is the spin-wave one. Hamiltonian of the
model ~1! becomes

H.(
k

ekhk
†hk1(

q
vqak

†ak

1(
k,q

~Mk,qhk2q
† hkaq

†
1 H.c.!1H ~2 !, ~2!

where h†(h) and a†(a), are the spinless hole and magnon
operators, respectively, ek is the ‘‘bare’’ hole dispersion,
vq52J(12gq)

1/2 is the spin-wave energy,
Mk,q54t(gk2qUq1gkVq) and Uq ,Vq are the Bogolubov
canonical transformation parameters. H (2) includes the
higher-order magnon terms. Bare hole dispersion has the
form

ek5ek
0
1dek,

~3!

ek
0
54~ t812tN2tS!@gk

2
2~gk

2!2#

18~ t91tN2tS/2!@gk
2
1~gk

2!220.5# ,

where we used shorthand notation gk5
1
2@cos(kx)1cos(ky)#,

gk
2

5
1
2@cos(kx)2cos(ky)#. dek is the addition from zero-point

fluctuations:

dek54a1~ t812tN1tS!@gk
2
2~gk

2!2#18a2~ t91tN1tS/2!

3@gk
2
1~gk

2!220.5#14btS~4gk
2
21 !, ~4!

where a150.138, a250.107, and b520.347. One can see
from Eqs. ~3! and ~4! that in contrast to t8 ~first terms!, t9
~second terms! lift (p/2,0) point to the higher energy.

Using the SCBA we find the Green function of the hole as
G(k,v)5@v2ek2S(k,v2vq)#

21 with the self-energy

S~k,v2vq!5

1

N (
q
Mk,q

2 G~k2q,v2vq!. ~5!

It was proved earlier16 that the first-order correction to the
hole-magnon vertex is absent and the highest are very small.

Recently Bala, Oles, and Zaanen17 showed that the
higher-order vertices (H (2)) do not change the SCBA results
and confirmed that one-magnon couplings are accurate
enough to reproduce the realistic properties of the t-J-like
models.

Equation ~5! was solved numerically by the simple itera-
tion procedure. We found no significant changes of the re-
sults for 16316 k points ~in MBZ! and 1000 v points, and
for 2432433000 points. Also, we checked our procedure
for the pure t-J model and found very close agreement with
earlier results.18 Results of our generalized t-t8-J model cal-
culations together with the experimental points are presented
in Fig. 1. It is important to stress that it is not the ‘‘best fit,’’
we simply used the average values of parameters from their
‘‘realistic range.’’ In the main term of the bare dispersion
ek
0 , Eq. ~3!, tN and tS terms enter in a combination
(2tN2tS), which realistic range is @ 1

4J–
3
4J], and so we

simply take its Hubbard value (2tN2tS)5J/250.2t . We
used t/J52.5, tN5J/8, tS52J/4, and J50.14 eV ~from
Ref. 19!. For t8 and t9 we used t8520.2t , t950.15t . Note
that the bare dispersion ~3! consists of two terms, which
can be considered as the teff8 (5t812tN2tS) and teff9
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(5t91tN2tS/2), and since t8 and (2tN2tS) have the oppo-
site signs, teff8 becomes very small at all realistic values of
parameters.

Figure 1 shows a good agreement with experiment
along (p ,0)-(0,p) as well as along (0,0)-(p ,0) lines. Notice
that the experimental error bars are much broader for the
top of the hole band than for the bottom. It is due to the
fact that the energy distribution curves ~EDC’s! have a
broad maximum for these k points and it is hard to iden-
tify the quasiparticle peak in the EDC spectra.1 This feature
of the ARPES can be explained in the spin polaron ap-
proach. A lower intensity of the photoemission peaks
at the top of the hole band easily connected to the lower
quasiparticle residue at (0,0)→(p ,0) points which can be
lower than the experimental resolution. It is interesting that
the spectral function at these k points shows not only small
intense of the lower quasiparticle peak but the wide group of
peaks ~see also Ref. 17!. It can be directly related to the
broad peak in the energy distribution curves. The origin of
these peaks is due to importance of the multimagnon scatter-
ing processes for the ‘‘cutting’’ of the wide initial ~‘‘bare’’!
band.

We also found an important feature of the energy spec-
trum of the proposed model: If the values of t9, tS , and tN
are not small ~average and larger!, the shape of the band is
fully insensitive to the t8 changes. Changes of t8 only shift
the energy of ground state and change the quasiparticle resi-
due at the top of the band. Opposite to it, t9 strongly varies
the (p/2,0) position. These results are shown in Fig. 2. They
are easily understood remembering that the higher-energy
states are unstable. When t9 and three-site terms are not very
small, they already form the band up to the characteristic
energy 2J , and further changes of t8 ~even in a broad region!

touch only the higher states, which are unstable. It is inter-
esting that the further increasing of t9 (.0.15t) also does
not change the shape of the band.

Summarizing, we showed that the generalized version of
the t-t8-J model accurately derived from the three-band
model describes very well the experimental results of
ARPES on Sr 2CuO 2Cl 2 system.

1 Parameters of the model,
for which good agreement is achieved, are from realistic
regions11 and so they are strongly justified. The hopping in-
tegral to the next-next-nearest neighbor site (t9) as well as
three-site hopping terms (tS , tN) is found to be the key pa-
rameters for the description of the flat region along
(0,0)-(p ,0) line. It is argued that the isotropy of the spectra
around the minimum (p/2,p/2) easily arises at any ~not very
small! t8, t9, tS , and tN parameters of the definite sign. In
addition we found that the shape of the spectrum is insensi-
tive to varying of t8 if the other parameters are not small.
Thus, the model has some rigidity to parameter changes. The
smaller intensity of the photoemission peaks at the top of the
band can be directly related to the small quasiparticle resi-
dues at these points.

Xiang and Wheatly20 and Hayn, Barabanov, and
Schulenburg21 have recently proposed the same models for
description of an experimental spectrum. Good coincidence
with ARPES results is reported.
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FIG. 1. Dispersion curve of a hole in the generalized t-t8-J
model ~1!, ~2! along the main directions (0,0)→(p ,p),
(p ,0)→(0,0), and (p ,0)→(0,p) ~solid curve!. Model parameters
that provide this Ek are t/J52.5, t8520.2t , t950.15t ,
tS522tN52J/4, and J50.14 eV. Experimental results from Ref.
1 are also shown ~open circles!.

FIG. 2. Dispersion relation of a hole in the generalized t-t8-J
model for the different sets of parameters: t8520.2t , t950.15t
~solid curve!, t8520.5t , t950.15t ~dashed curve!, and
t8520.2t , t950 ~dotted-dashed curve!. Other parameters are
t/J52.5 and tS522tN52J/4.
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